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President. .
W. J. BORNHORST The object of this work is to determine the transport coefficients which appear in linear
Thermo Electron Ei o c drreversible-thermodynamic rate equations of o phase change. An experiment which
MO Liecironh Engineering Corp.,, . . . .

7 Waltham, Mass., involves the steady-state evaporation of mercury was performed to measure the principal
’ transport coefficient appearing in the mass-rate equation and the coupling transport co-
efficient appearing in both the mass-rate equation and the energy-rate eguat'ion. The
principal transport coefficient @, usually termed the ‘‘condensation’ ar ‘‘evaporation’
coeﬁicwnt 15 found to -be approximately 0.9, which is higher than that measiured pre-
viously in condensation-of-mercury experiments. ‘The experimental value of the
coupling coefficient K does not agree with the value predwted from Schrage's kinetic
analysis of the phase change. A modified kinetic analysis in which the Onsager re-
ciprocal law and the conservation laws are invoked is presented which removes this dis-
crepancy but which shows that the use of Schmge s equation for predicting mass rates of

phase change s @ good apprommatwn

1 Introduction

BORNHQRST AND HATSOPOULOS [1]!have presented an
analysis of the liquid-vapor phase-change process based on the

‘/Condensate Film

concepts of linear irreversible thermodynamics. The mass-rate Bulk Flow of Condensable Vapar
equation from their analysis is /Tempe rature Profile
. —Tw
= 20 7l [Zhﬂ, ' K 6_T P " T /_‘; P=P.@Ta
2 -0 K+1 P =l | -,
I
where J; is the mass flux or rate of phase change, 67 is the dif- 4 T Ju = hgi i+ larAl;
felence between the temperature at the vapor side of the interface / Bulk (- Nonequilibrium Region
T,: and the temperature at the liquid side 7',, 6P is the difference Flow

between the actual pressure at the interface P and the saturation Havid
pressure P, corresponding to the temperature 7'y, B is the gas
constant, ks, = hy; — hy; is the difference between the enthalpy
of the vapor h,; and that of the liquid &;; at the interface, o is ‘the
principal mass-rate transport coefficient, and K is the coupling
transport coefficient. The linear irreversible-thermodynamic
energy-rate equation is ' ' )

“\Cold wall

Fig. 1 Condensation on a verlical wall

transport coefficient. The nomenclature is illustrated in Fig. 1
for condensation on a vertical wall. The transport coefficients

K L, 6T o, Ly, and K are thermodynamic properties which must be deter-
Ju = l: TR 1 hfﬂ:l T (2)  mined from experiment.

where J, is the energy flux and L, is the principal energy-tate ] Prasent |nvestiga“0n

The purpose of this investigation is to measure transport co-
! Numbers in brackets designate References at end of paper. efficients. - Since it is difficult to measure all three coefficients

Contributed by the Heat Transfer Division for publication (with- Lo inetic-theor -ediction of I
out presentation) in the JourNAL or HEaT TrANSFER. Manuscript [2](’1 "" fQ" ‘an{ilhK, we z.Lssurrée dthe ‘l.igng .10 g e(?y pl; ¢ dlczlnto obf
received by the Heat Transfer Division August 10, 1970. Paper No.  8nd perform the experiment descrioed 1n Sectlons o an

72-HT-A. tain K and ¢. The validity of the kinetic-theory assumption
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is discussed in [2]. In the light of the experimental results ob-
tained, a kinetic model of the phase change is developed which is
consistent with the conservation laws, Onsager’s reciprocal law,
and experiment,

No measurements of the coupling transport coefficient K have
been reported for any fluid in the past. Moreover, most values
of o reported in the literature have been measured for condensa-
tion processes, whereas in the present work ¢ is measured for an
evaporation process. '

3 Steady-State Evaporation Experiment

In general, phase-change processes result in a nonuniform tem-
perature distribution in the vapor phase which is difficult to
measure. For this reason an experiment termed the steady-state
(ss) evaporation experiment has been devised in which the vapor
temperature is uniform. »

A ss evaporation experiment, shown schematically in Fig. 2,
is one in which liquid changes to the vapor phase at a constant
rate by evaporation at the liquid-vapor interface with the ab-
sence of boiling, and in which the heat transfer necessary for
evaporation is supplied solely from the liquid side of the interface.
There is no heat transfer to the vapor. For such a situation the
vapor temperature far from the interface will eventually reach
some uniform value. It can be shown [1] from first-law con-
siderations that the vapor temperature will be uniform up to the

interface. It follows that for ss evaporation equation (2) reduces
to :
T AL [

K+ 1RT y+1lwRy T J; dw

where -y is the specific heat ratio and Lj is replaced by its kinetic-
theory value. Equation (1), except for the subscript ss on J,,
0T, and 6P, remains the same. The quantities needed from the
experiment to evaluate K and o are thus (J,) T;i, Tye and P.
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Fig. 3 Flow diagram of experiment

Experimental Apparatus

A flow diagram of the ss evaporation experimental apparatus is
sketched in Fig. 3. Tig. 4 contains a drawing of the test section.
Evaporation takes place at the surface of a thin layer of liquid
mercury on the nickel block, the necessary heat being supplied by
electrical heaters placed in the nickel. To obtain the liquid inter-
face temperature 7', a least-squares straight line is fitted through
the temperature measurements made in the nickel heating block
where the temperature profile is approximately a straight line.-
This line is then linearly extrapolated through the liquid, taking
into account the differences in thermal conductivity. To ex-
trapolate it is necessary to know the depth of the liquid layer.
The liquid depth is determined by measuring the displacement of
a needle-like probe when it is moved from the solid nickel surface
to the liquid surface by means of micrometer heads.

Nickel was chosen as the material for the heating block because
mercury wets nickel. It is necessary to have a wettable surface
if a thin film of liquid is to be realized; also the wetting minimizes
any contact resistance which may exist at the solid-liquid inter-
face. '

It is desirable to have a thin layer of liquid so that any error in
the extrapolation which may result from a nonlinear temperature
profile in the liquid will be mipimized. Also, a thin layer
minimizes the possibility of convection. TFinally, a thin layer of
liquid will minimize the possibility of having active nucleation
sites for boiling by reducing the superheat at the nickel surface.

It should be noted that there is a means of having a liquid flow
rate into the test section which is greater than that evaporated.
This excess flow rate is termed the overflow. The reason for in-
corporating the overflow is to provide some means of keeping the
liquid surface clean. )

The temperature in the vapor T, is measured by thermocouples
at various locations and orientations, as is shown in Fig. 4.

The thermocouples are copper—constantan enclosed in stain-
less steel sheaths. They were calibrated against a standard
platinum resistance thermometer. :

The rate of evaporation J; is determined from the heat transfer
to the liquid (which is given by the temperature gradient and
conductivity in the nickel) divided by the latent heat h,,. A
means of checking this is by taking the difference between the
supply and overflow rate of liquid mercury.

=N o menclature

h = specific enthalpy P = pressure efficient or condensation (or
hyg = hgi — by, R = gas constant evaporation) coefficient

J; = massflux T = temperature Subscripts

J, = energy flux U = related to K, see equation (4) § = liquid

J, = P/Q2rRT)"/ 8P = P — P,(Ty.) g = vapor

K = coupling transport coefficient 0 = Ty — Ty i = liquid-vaporinterface

L, = principal energy-rate transport co- v = specific heat ratio s = saturation condition

efficient o = principal mass-rate transport co- ss = steady state
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Fig. 5 Principal mass-rate transport coefficient ¢ versus pressure P; for
steady-state evaporation experiment

The pressure in the test section P, is measured by a manometer.
One leg of the manometer is connected to a vacuum reference.

The saturation pressure data for mercury were taken from
[4], the other properties of mercury from [5], and the thermal
conductivity of nickel from [6].

The details of the experimental operating procedure are given
in [2] along with a discussion of the errors due to measurement
and errors inherent in assuming the above relationships between
the measurements and the desired physical quantities.

9 Experimental Results

Fig. 5 shows the values of ¢ obtained from the steady-state
evaporation experiment. Included are the error bands resulting
fromn the experimental uncertainties discussed in [2]. It should

Journal of Heat Transfer
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Fig. 6 Principal mass-rate transport coefficient versus pressure P, for
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Fig. 7 Coupling transpont coefficient U versus pressure P;

be observed that none of the lower limits of the error bands are
above unity. There are three points C, D, and E having values
of o which are less than 0.4. At the time these points were
taken, a film of impurities was observed on the liquid surface.
This film would result whenever the overflow region of the nickel
heating block did not wet properly. Instead of having the entire
surface freely flowing, there would be regions of stagnant surface
fluid. In these stagnant regions, a film would develop with time.
The film acts as a resistance to the evaporation thereby requiring
a large driving force 6P which results in low values of a. These
three points clearly show the strong influence of the condition of
the surface on the coeflicient o. There are four data points
having values of ¢ =~ 0.6. The impurity film was not observed
for these points; however, points F and G were taken during a
time in which much difficulty was encountered in preventing the
buildup of the film. The remaining points are found to be scat-
tered within their error bands around o of about 0.9. From this
we conclude that the scatter outside of the experimental uncer-
tainties is due to the absence of a sufficiently free-flowing surface.

The values of ¢, excluding those from the present investigation
affected by contamination, are shown in Fig. 6 along with the
condensation results of previous investigations for various liguid

metals. In Fig. 7 K is presented in terms of U where
g o K 2hy, )
K+ 1RT

6 Discussion of Experimental Resuits

In the present study o was found to decrease when contamina-
tion in the form of an impurity film was present. Knudsen [15]
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observed this same effect when he measured o for evaporation of
a mercury droplet into a vacuum. To eliminate contamination,
he renewed the droplet every fourth second and the resulting
values of ¢ were unity. Volmer and Isterman [16] also obtained
o equal to unity for the evaporation of mercury into a vacoum by
taking precautions to avoid surface contamination.

The condensation coefficient ¢ determined from the steady-
state evaporation-of-mercury experiment does not appear to follow
the downward trend with increasing pressure as found during
condensation of the other liquid metals (Fig. 6). This could be
attributed to a basic difference between condensation and evapo-
ration; however, in the light of the thermodynamie analysis which
makes no distinetion between the direction of phase change, we
are inclined to reject this premise. Besides, Wilcox and Roh-
senow [17] conclude from their data and error analysis that the
condensation coefficient is equal to unity and that the pressure-
dependence reported by others is due to experimental error.

The experimental value of U is found to be less than unity.
As discussed in the next section, an extension of Schrage’s kinetic
method of analyzing the phase-change process is not in accord as
it requires that U be unity. A more general kinetic model of the
phase-change process, however, which is also discussed in the
next section, shows that U is not necessarily equal to unity.

1 Analytical Considerations

In his kinetic model of the phase-change process Schrage con-
siders the liquid and vapor phases to be uniform and to be sepa-
rated by a mathematical plane, called the liguid-vapor interface.
He considers a control surface a placed a distance less than a mean
free path away from the interface in the vapor. (Consider the
vapor to be to the right of the interface.) He then assumes that
the velocity distribution of the incident molecules crossing o
to the left is half-Maxwellian? with a superimposed bulk velocity
V and characterized by the temperature 7', and the pressure P,,.
This distribution is the same as that of the vapor molecules far
from the interface which have a velocity toward the interface.
The persistence of such a distribution up to the interface would
require a collisionless region on the vapor side of the interface.
The molecules crossing « to the right are considered to be com-

posed of two parts, the first of which consists of molecules emitted -

from the liquid. The emission process is assumed to depend only
on the temperature of the liquid surface. The expression for the
rate of emission is obtained by considering an equilibrium situa-
tion where the incident distribution is half-Maxwellian at the
temperature of the liquid surface T',; and the corresponding
saturation pressure P,(T';;). The second part crossing o to the
right consists of those incident molecules which are reflected from
the interface. This second part is related to the incident flux by
way of the condensation coeflicient o which is defined as the frac-
tion of incident molecules which condense. On integrating the
assumed velocity distributions, using the definition of o and as-
suming small driving forces 6P and 87, Schrage’s result may be
written in the following form [1, 2]:

20 8T 6P
Jf=z_ﬂs<ﬁ*"p“> ®

where ¢ is the evaporation or condensation coefficient. From
equations (1) and (5) we see that the transport coefficient ¢ can
be interpreted as the evaporation or condensation coefficient as
defined above. If we consider equations (1), (4), and (5) when
J; = 0 we see that the kinetic analysis predicts a value of unity

2 By a half-Maxwellian distribution, it is meant that the velocity
distribution is Maxwellian and that the limits on the velocity w are
— o < u < 0for the incident distribution and 0 < u < o for the
emitted distribution while » and w are allowed to vary from -+ © to
— ». The velocity u is in a direction perpendicular to the interface
and to the right. The velocities » and w are perpendicular to each
other and to u.

260 / AucusT 1972

for U which is not in accord with the measurements. It can
also be shown [2] that Schrage’s selection of P, to characterize
the incident distribution violates the conservation-of-momentum
requirement. In addition it can be shown [2] that even if the
conservation of momentum and energy are invoked, the kineties
of the vapor at the liquid-vapor interface cannot be modeled with
half-Maxwellian velocity distributions if agreement with the data
is required.

An improved method of modeling the interface kinetics is to
account for the error in the velocity distribution by superimposing
fluxes of mass, momentum, and energy on those obtained by in-
tegrating the distributions. This method is best illustrated by
considering the familiar situation of a temperature gradient
dT/dz in a semiperfect monatomic gas moving at a low Mach
number. At a control surface in the gas, we consider the
molecules to be described by a Maxwellian distribution with a
superimposed bulk flow velocity. Integration of this distribu-
tion yields the enthalpy flux k,J,. The net energy flux is greater
than this, however, by the amount —4(d7/dz), where k& is the
thermal conductivity of the gas. This method is still an approxi-
mation as we are still ignorant of the actual kinetics at the inter-
face. To obtain a better understanding of the wvapor-side
kinetics the Boltzmann equation should be employed. By using
this method of describing the vapor kinetics at the interface and
requiring that the conservation laws and Onsager’s reciprocal law
be satisfied, it can be shown that {2]

S [U o ‘LP} (6)
C.U(1 —U) 27~ P
ERET

J; = JCo

where

Ca’ = (7)

It should be pointed out that the value of the coefficient o de-
termined from equation (5) and the experimental results is ap-
proximately the same as that found using the improved analysis.
Therefore, even though Schrage’s model is not consistent with the
momentum equation and does not yield the correct value of U, it
does result in an equation containing a coefficient ¢ the value of
which, as determined from experiment, is a good approximation
of the condensation coefficient.

8 Conclusions

In the present investigation it was found that the evaporation
or condensation coefficient o, measured during the steady-state
evaporation-of-mercury experiment, is higher than that obtained
previously in condensation-of-mercury experiments. It was also
found that contamination of the liquid surface results in low
values of 0.

From the measured values of the coupling transport coefficient
K (or U) and the analysis discussed in Section 7, we conclude
that the events taking place at the liquid—vapor interface during
the phase change cannot be represented by half-Maxwellian
velocity distributions.

From the results of the analysis discussed in Section 7, where
we allowed for non-Maxwellian velocity distributions, we conclude
that even though Schrage’s equation is not exact, it is a good ap-
proximation to use this equation in conjunction with experimental
measurements to arrive at the condensation coefficient.

Acknowledgments

The authors wish to thank Professors Peter Griffith, Warren
M. Rohsenow, and 8. William Gouse, Jr., for many valuable dis-
cussions. Also Dr. Detlev G. Kroger and Professor E. J.
LeFevre. This work was supported by the National Aeronautics
and Space Administration under contract number NAS8-20013

Transactions of the ASME

Downloaded 27 Dec 2010 to 194.27.225.72. Redistribution subject to ASME license or copyright; see http://www.asme.org/terms/Terms_Use.cfm



and was done in part at the Computation Center at the Massa-
chusetts Institute of Technology, Cambridge, Mass.

References

1 Bornhorst, W. J.,, and Hatsopoulos, G. N., “Analysis of a
Liquid Vapor Phase Change by the Methods of Irreversible Thermo-
dynamices,” Jowrnal of Applied Mechanics, Vol. 34, Trans. ASME,
Series I%, Vol. 89, No. 4, Dec. 1967, pp. 840-846.

2  Adt, R. R., Jr., ““ A Study of the Liquid-Vapor Phase Change
of Mereury Based on Irreversible Thermodynamies,’” ScD thesis,
M.LT., Cambridge, Mass., June 1967.

3 Hatsopoulos, G. N., and Keenan, J. H., Principles of General
Thermodynamics, John Wiley & Sons, New York, N. Y., 1965.

4 Ditchburn, R. W., and Gilmour, J. C., *“The Vapor Pressures
of Monatomic Vapors,”’ Rev. Mod. Phys., Vol. 13, Oct. 1941.

5 Weatherford, W. D., Jr., Tyler, J. C., and Ku, P. M., ““Proper-
ties of Inorganic Energy-Conversion and Heat-Transfer Fluids for
Space Applications,” WADD Technical Report 61-96, Nov. 1961.

6 Technical Bulletin T-15, The International Nickel Co.

7 Kroger, D. G., "“Heat Transfer During Film Condensation of
Potassium Vapor,” ScD thesis, M.I.T., Cambridge, Mass., Sept.
1966.

Journal of Heat Transfer

8 Sukhatme, S., and Rohsenow, W., ““Heat Transfer During
Film Condensation of a Liquid Metal Vapor,” Report No. 9167-27,
Dept. of Mech, Engr., M.I.T., Cambridge, Mass., Apr. 1964,

9 Misra’s data are presented by: Wilhelm, D, J., *“Condensa-
tion of Metal Vapors: Mercury and the Kinetic Theory of Conden-
sation,”” ANL-6948, 1964.

10 Subbotin, V. L., Ivanovsky, M. N., Sorokin, V. P., and Chul~
kov, V. A., Teplofizika Vysokikh Temperatur, No. 4, 1964,

11 Barry, R. E., PhD thesis, University of Michigan, 1965.

12  Aladyev, I. T., et al,, ““Thermal Resistance of Phase Transi-
tion with Condensation of Potassium Vapor,’’ Proceedings of the
Third International Heat Transfer Conference, 1966.

13 Labuntsov, P. A., and Smirnov, S. I., “Heat Transfer in Con-~
densation of Liquid Metal Vapors,’” Proceedings of the Third Inter-
nattonal Heat Transfer Conference, 1966.

14 Schrage, R. W., A Theoretical Study of Interphase Mass Trans-
fer, Columbia University Press, New York, N. Y., 1953,

15 Knudsen, M., The Kinetic Theory of Gases, Methuen and Co.
and John Wiley & Sons, New York, N. Y., 1950.

16 Volmer and Esterman’s results are discussed in reference [15].

17 Wilecox, S. J., and Rohsenow, W. M., “Film Condensation of
Metals—Precision of Measurement,” Report No, DSR 71475-62,
Engineering Projects Laboratory, M.1.T., Cambridge, Mass., 1969.

August 1972 / 261

Downloaded 27 Dec 2010 to 194.27.225.72. Redistribution subject to ASME license or copyright; see http://www.asme.org/terms/Terms_Use.cfm



H. EHYA

Research Assistant.

F. M. FAUBERT

Research Assistant,

G. S. SPRINGER

Professor.
Mem. ASME

‘Fluid Dynamics Laboratory,
Department of Mechanical Engineering,
University of Michigan,

Thodos formula.
Ann Arbor, Mich.

Introduction

ALTHOUGH the need for thermal-conductivity values
of hydrocarbons at high temperatures is evident, there are few
data available at temperatures above 500 deg K. In this paper
thermal-conductivity data are reported for normal butane and
propane at atmospheric pressure in the range 300-1000 deg K.
A thermal-conductivity column was used in the experiments.
This type of apparatus offers the possibility of good accuracy
and precision as has been demonstrated recently by its use in
measuring thermal conductivities of gases up to 2400 deg K
[1,2].2

Experimental Apparatus and Procedure

The experimental apparatus has been described in detail in
references {2, 3] and therefore only the major features of the ap-
paratus and procedure are presented here. The apparatus con-
sisted of a conductivity column, the electrical system, and the
vacuum system. '

A schematic of the column is shown in Fig. 1. A 0.0101-cm-
dia and 50-cm-long tungsten filament was mounted coaxially in
a 56-cm-long vertical precision-bore Pyrex tube (0.635 cm ID).
The filament was resistance-welded to 0.0760-cm-dia tungsten
“rods,”” which were attached to precision-machined lava spacers
placed at each end of the column. The top spacer was firmly
mounted while the bottom one was allowed to slide in the tube
to compensate for the expansion of the filament at higher tem-
peratures. The filament was accurately centered in the tube by
viewing the filament-tube assembly through a shadowgraph and
adjusting the support rods as needed. Approximately 10 em
from each end of the filament a 0.00761-cm-~dia wire (potential

t Numbers in brackets designate References at end of paper.

Contributed by the Heat Transfer Division for publication (with~
out presentation) in the JournaL or HEAT TrRANSFER. Manuscript
received by the Heat Transfer Division April 15, 1971. Paper No,
72-HT-B.
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Thermal-Conductivity Measurements
of Propane and N-Butane in the
Range 300 to 1000 deg K

Using a thermal-conductivity column the thermal conductivity of propane and normal
butane were measured at 760 mm Hg in the range 300-1000 deg K.
conductivity values obtained were compared with existing data and with the Misic—

The thermal-
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Fig. 1 Schematic of conductivity column

lead) was spot-welded to the filament. The potential leads were
wound in a loose coil and were also attached to the lava spacers
by 0.0760-cm-dia tungsten rods. The filament was kept at &
constant tension by an 8-gram weight attached to the bottom
lava spacer.

The column was surrounded by a Pyrex jacket through which
water was circulated constantly at a rate of about 10 liter/min.
The water temperatures at the inlet and outlet ports were moni-
tored with thermocouples and were kept within 0.1 deg C at
25 deg C. .

The electrical leads were attached to the top and bottom
tungsten rods above and below the respective lava spacers.
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Fig. 3 Experimental resulls for propane

Power to the filament was provided by a highly regulated d-¢
power supply. The current through the filament was determined
‘by measuring the potentml drop across a high-precision standard
resistor (0.0999996 ohm) placed in series with the filament and
kept in a constant-temperature oil bath, The potential drop
across the filament between the potential leads was also mea-
sured, and thus the power dlsSlpated could readily be calculated.
The electric_al measurements were made with ZDC models MV
100N and VS-1000/007 high-precision d-¢ voltage standards.
The column was connected to the vacuum pumps and gas-
supply bottles through a Pyrex vacuum system. The lowest
attainable pressure in the system was ~5 X 1077 mm Hg as
indicated by an ionization gauge. With the test gas in the sys-
tem the pressure was measured hy a U-tube mercury manometer

Journal of Heat Transfer

and was maintained constant at 760 mm Hg. The test gases
were ‘‘research grade” supplied by the Phillips Petroleum Co,
Each gas was admitted into the column through a dry-ice-
acetone cold trap and, prior to taking data, the system was
purged several times with the gas.

Before taking data the filament was heated in vacuum to 2400
deg K for 24 hr to stabilize its electrical properties. Then the
resistance versus temperature characteristic of the filament was
determined. Above 1100 deg K the temperature of the filament
was measured with an optical pyrometer [2, 3]. At 300 deg K
the resistance of the filament was determined according to the
procedure described by Thomasg and Brown [4]. It was found
that at both 300 deg K and above 1100 deg K the relationship
between the filament temperature and resistance agreed closely
with that given by Smithells [5]. Therefore, between 300-
1100 deg K the filament temperatiure was determined from the
measured average resistance per unit length together with the
resistivity tables of Smithells.

Upon completion of the calibration the filament temperature
was set at the required value and the heat loss from the center
section of the filament (i.e., the section between the potential
leads) was measured both in vacuum and in the presence of the
gas. The length of the filament between the potential leads,
L, was also measured throughout the experiment with a cathe-
tometer.

Treatment of the Data

Due to the large temperature differences between the filament
and the outer cylinder the gas moves upward near the filament
and downward in the outer portion of the column. In addition
to this “primary” motion, multicellular secondary motion may
also oceur in the column. Both of these motions may result in
significant heat convection from the filament. However, if
only the primary motion is present, then at some distance from
each end of the column the axial temperature gradients diminish
and the heat convected from the filament, @,, becomes negligible
compared to the conductive and radiative heat transfer [6, 7-12].
The distance from the ends of the column where this condition is
met can be approximated by [9]

_ R

Zy 7670

(Ra > 7670) (1)

where D is the inner diameter of the outer cyhndel and.Ra is the
Rayleigh number defined as

gp?ATD? 0,,77]
B ibediit' 2
Ra [ T N lr=7 @)

In equation (2) g is the gravitational acceleration, p the density,
9 the dynamic viscosity, C, the constant-pressure specific heat,
and X the thermal conductivity of the gas. AT is the tempera-
ture difference between the filament and the outer cylinder, and
T is the average temperature of the gas. " In the present experi-
ments the maximum Rayleigh number was ~8 X 101 and for
this Rayleigh number equation (2) gives a Z, value of ~6.6 cm.
In the apparatus the potential leads were attached at 10 em
from the ends, and therefore at the center section of the filament
@, should be negligible.

Multicellular secondary motlon arises in the column when a
critical value of the Rayleigh number is exceeded [10-12]. TFor
the present experimental conditions the expression recommended
by Thomas and deVahl-Davis [10] gives the critical Rayleigh
number as 1 X 1012, " In the experiments the Rayleigh numbers
were considerably below this value (see above) and consequently
multicellular secondary motion was not expected to oceur in the
column,

The foregoing results imply that convective effects were neg-
ligible in the experiments. The validity of this conclusion was
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Fig. 4 Thermal conductivity of normal butane; — present result, equa-
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[[J Lambert et al. [19]; A Smith et al. [21]; O Misic-Thodos formula [23]

borne out by measurements of thermal conductivities of argon,
helium, krypton, and nitrogen made in two columns of different
diameters (2, 3]. '

Neglecting convection effects, the heat conducted from unit
length of the filament can be written as

O\ =0Q; — @ + @y 3)

where, on a unit-length basis, @, is the power input to the fila-
ment, @, is the heat loss from the filament due to radiation, and
@, is the heat loss through the potential leads. In vacuum
(@»? =2 0) the energy balance for the filament gives

Q=02+ @ )

The experimentally determined values of @, and @ ,* were plotted
versus filament temperature and a smoothed least-squares-fit
curve was drawn through the data points. Qx was then evalu-
ated by taking differences of the smoothed values at equal tem-~
perature intervals (@ = @, — @,7). These plots are shown in
Figs. 2 and 3. This procedure is based on the assumption that
the radiation and potential-lead losses in vacuum and in gas
are the same. This assumption was evaluated experimentally
for the present apparatus using argon, helium, krypton, and
nitrogen, and the error introduced by this assumption was found
to be negligible [2, 31.

The thermal conductivity of the gas at the filament tempera-~
ture T'; was calculated from the expression

di " In(D
\T)) = (ﬁ%) BOID 4 vy %)

where A’ is a correction due to the tempelatme drop across the

Pyrex outer cylinder
I 1 2w
N o D

A ©)

N \, In(D/d)

11

X, is the thermal conductivity of the gas at the water-bath
temperature, A, is the thermal conductivity of the Pyrex, d is the
filament diameter, and w is the wall thickness of the Pyrex
envelope (w = 0.158 cm). In the present experiments A\’ was
found to be less than 0.0015. (d@\/dT)r; was determined by
numerical differentiation based on Stirling’s interpolation formula
[13] usmg five points at 10 deg C temperature intervals for each
derivative.

Equation (5) is applicable only if temperature-jump effects
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are negligible, which is the case when the Knudsen number
(Kn = mean free path/filament diameter) is less than ~0.003
[14, 15). In the experiments the Knudsen numbers were well
below this value and therefore it was unnecessary to correct for
the temperature jump.

Results and Discussion

Thermal conductivities of normal butane and propane were
determined at 760 mm Hg in the range 300-1000 deg K. A
detailed analysis was made of the experimental errors and the
most probable random error was estimated to be about 2 percent.
Systematic errors were estimated to cause at most an additional
uncertainty of 1 percent. The experimental thermal-conduc-
tivity values could be correlated within an average absolute
deviation of ~0.3 per cent by the followmg polynommls
n-butane

A = —0.2650 X 10~% 4+ 0.1783 X 1078 T

+ 0.1346 X 100 T2 (7a)
propane
A = —0.3029 X 10~ 4+ 0.2059 X 1078 T

+ 0.1820 X 10~ T2 (7b)

In Figs. 4 and 5 the results, as given by equations (7a) and
(7b), are compared to previous data. The latter extend only
up to 500 deg K. There is excellent agreement between the
present and previous data, lending confidence to the results.

There have been several expressions proposed in the past for
calculating thermal conductivities of hydrocarbons and a com-
prehensive summary of these expressions is given in reference
[22]. Most of the existing correlations express the thermal con-
ductivity in terms of the viscosity, which itself is not known ac-
curately, particularly at higher temperatures. One notable
exception is the formula recommended by Misic and Thodos

[23] which is
€, X 1078[14.52(T/T,) — 5.14]"/*(P,)"/

MY,y

NT) = 8)

where C,, is the heat capacity (cal/sec-cm-deg K), M the molecu-
lar welght and 7T, and P, the critical temperature (deg K) and
pressure (atm), vespectively. Ther mal-conductlwty values
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given by equation (8) are compared to the data in Figs. 4 and
5. Ascan beseen, up to ~1000 deg K the Misic-Thodos formula
approximates very closely the measured thermal conductivity.

Above ~800 deg K the pressure increased in the system? and
around 1000 deg K vapor condensation becare visible on the
inside of the outer cylinder. These phenomena, caused by
pyrolysis of the test gas, may have occurred to a lesser extent at
lower temperatures [24]. It is noteworthy, however, that in
gpite of the pyrolysis the measured thermal conductivity agrees
well with the prediction of Misic and Thodos.
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Unsteady Heat Transfer and Temperature
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- v sexnow || 107 Stokesian Flow about a Sphere
M:'Z‘Of:sss;\rE An analysis is made of the unsteady thermal processes which result when o moving

sphere encounters o flusd environment whose initial temperature is different from that
of the sphere.  The fluid velocity field is steady and Stokesian, and the temperature field
is of the boundary-layer type. Two velated physical situations are analyzed. In one
of these, the sphere is a solid of high thermal conductance such that its temperature is
spatially uniform, but varies with time as a result of heat transfer with the fluid. In
the other, the sphere heat capacity and conductance are both large so that its surface
temperature is spatially and temporally uniform for a finite period of time. A number
of solution methods is employed, including numerical inversion of integral transforms,
series, and asymptotic expansions. Results ave presented both in graphical and alge-
braic form for the local and overall heat-transfer rates, for the temperature history, and
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and for the time required to reach thermal equilibrium.

Introduction

THIS PAPER is concerned with transient forced-con-

vection heat-transfer problems involving a sphere which trans-

lates relative to its fluid surroundings, the velocity field being
steady and Stokesian. The thermal transient is initiated when
the sphere, possessing a uniform temperature corresponding to its
previous history, encounters a fluid environment of a different
temperature. One of the cases to be analyzed is that in which the
sphere is a solid of high thermal conductance such that its tem-
perature is spatially uniform at any instant of time. The tem-
perature of the sphere changes with time as a result of heat ex-
change with the fluid environment. The other case which will be
studied is characterized by the condition that the sphere surface
temperature is spatially uniform and unchanging with time. In
practice, such behavior can be approximately realized during a
substantial portion of the transient period provided that the
sphere has sufficiently high heat capacity and conductance.
While this case is of technical interest in its own right, it has a
special relevance here in that its solution also serves as a stepping-
stohe to the solution of the first case deseribed in this paragraph.

In the presentation which follows, the case of constant sphere
surface temperature is treated first, and this is followed by the
analysis of the case of time-varying sphere temperature. The
solutions that are obtained make use of a variety of techniques,
including series, asymptotic expansions, and numerical inversion
of integral transforms. From the solutions, results are deduced

Contributed by the Heat Transfer Division for publication (with-
out presentation) in the JournaL oF HeaT TrRANSFER. Manusecript
received by the Heat Transfer Division December 2, 1970. Paper
No. 72-HT-C.
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for both heat transfer and temperature distributions during the
transient period. The solutions and results pertain to suf-
ficiently high Prandtl numbers such that there exists a thermal
boundary layer which is very thin compared with the extent of
the velocity field.

The present paper complements other available analytical
studies, but there is little in the published literature that bears
directly on the work reported here. . Mention may be made of the
elegant contributions by Chao [1]* and by Chao and Chen {2] for
the transient temperature response of a fluid sphere. The only
prior study known to the authors of the thermal transient for a
solid sphere in Stokesian flow is that of Bentwich, Szwarcbaum,
and Sideman [3], who used a finite-difference technique for the
case in which the sphere surface temperature is spatially uniform
and unchanging with time. The paper does not present transient
heat-transfer results. The steady-state solution for the isother-
mal sphere in Stokesian flow was found analytically by Acrivos
and Taylor [4]. In an earlier paper [5], the present authors ex-
amined the transient heat-transfer problem for a sphere when the
Peclet number is small compared to unity-

The coordinates and other dimensional nomenclature are pic-
tured in Fig. 1. The spherical coordinates r, ¢ are fixed with re-
spect to the translating sphere. In such a frame, the sphere is
stationary and the fluid approaches it with a far-field velocity U.
The velocity field about the sphere itseilf is that of Stokes and is
steady. Owing to flow symmetry, the velocity and temperature
fields do not depend on the azimuthal angle, and furthermore the
only velocity components participating in the convection of heat
are u, and ug.

1 Numbers in brackets designate References at end of paper.
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Fig. 1 Coordinates and other dimensional nomenclature

Gonstant Surface Temperature

Formulation of the Problem. Consider a solid spherical body
having an initially uniform temperature T; which, at time = 0,
encounters a fluid whose initial temperature is uniform and equal
to Tw. The fluid free-stream temperature for all subsequent
times is also 7. The sphere surface temperature for ¢ > 0 is
assumed to be unchanging and equal to 7;. As discussed in the
Introduction, this condition can be approximately fulfilled for
some finite period of time (whose extent is examined later)
following the initiation of the transient.

The transient thermal processes for the problem just deseribed
are governed by the energy equation for the fluid

oT AT, * | ug AT,* [i g(zaT,*
ot + or r ¢ T o " Tor
1 o . L oT :
— 1
r2sin ¢ 0@ (sm ¢ o¢ >] m

where T *(t, v, ¢) denotes the fluid temperature. The asterisk is
used to distinguish the case of constant surface temperature from
the more general case in which the sphere temperature is time-
dependent.

The flow field that is to be considered here is steady and of the
Stokes type. Asis well known, a Stokesian flow is not a velocity
boundary-layer flow. Rather, the influence of the sphere ex-
tends far out into the flow, to distances which are on the order of
100 sphere radii. The veloeity components u, and ug for Stokes-
ian flow about a sphere are

ficiently high Prandtl numbers that the temperature field is con-
fined to a boundary layer which is very thin compared with the
velocity field. Correspondingly, the ¢ heat-conduction term
may be deleted from the right side of the energy equation (1).
Furthermore, it is only necessary that the velocity field be ac-
curately represented within the thermal boundary layer, so that
equations (2) can be replaced by

Ur

- _E 7'—7'02 ﬁr\l—g—— r— i
U= 2< 7'0 )cosd), U=2< ™ )sm¢ 3)

Comparable simplifications were used by Chao [1] in studying the
fluid sphere.

A discussion of the conditions for which the aforementioned
thermal boundary-layer model yields accurate results will be
given later. For the present, it may be noted that the heat-
transfer results are unaffected by the thermal boundary-layer as-
sumptions during a substantial portion of the transient period.
Their role becomes more prominent as steady-state conditions are
approached, such that the accuracy of the results depends on the
Prandt]l number being sufficiently large. For near-steady-state
conditions, the present results may be regarded as being asymp-
totic for high Prandtl numbers. Such asymptotic solutions are
widely used in steady-state convective heat-transfer problems,
for instance, Acrivos and Taylor [4], Acrivos and Goddard [9],
Morgan and Warner [10], and many others.

Upon introducing dimensionless variables and parameters

Tf* _ Tm 3 /3 r— 71
* = s —_— —_ —_—
0 Ti _ Tm ) g‘ (4 Pe) o 3
3 s o 2
T=(2P6> 2 Pe="- @)
7o oy
the energy equation (1) becomes
o6* of* o0* 2%
B z i = = 5
Sy~ Ceosd o feng T = o 5)

The boundary conditions (7* = T, at the sphere surface and
T,* = T, in the free stream), along with the initial condition
(T's* = T, forr > rp), transform into conditions on 8*(7, {, ¢) as
follows:

H*(T, 0,¢) =1, 0*(7': @, 9) = 0, 0*(07 f: ¢) =0 (6)

Since the forward stagnation region is of special interest in
heat-transfer research, it is treated first. The solution of equa-
tions (5) and (6) for arbitrary ¢ will be obtained later.

Stagnation Region. The application of equation (5) to ¢ = 0,

Yo _ (1 _8mn 1 "ﬁ) sng (2) andletting0*(r, §, 0) = 60%(r, ), gives
3
U 4 r 4 20,* , 26,* B 220, "
The analysis of the temperature field is carried out for suf- or of of?
Nomenclature
a, b, ¢ = numerical-inversion con- T, = fluid temperature v = dimensionless property group-
stants, equation (11) T, = initial temperature of sphere ing (2p,c,/3p fc,)(3Pe/4:)2/ 3
¢ = specific heat T, = temperature of sphere p = density
k = thermal conductivity T, = fluid temperature at { = 0 or 7 = dimensionless time, equation
Nu* = Nusselt number for constant atr = « 4)
surface temperature, equa- t = time ¢ = cone angle
tion (31) U = free-stream fluid velocity
Pe = Peclet number, 2nU/a; u, = radial velocity component Subseripts and superscripts
Q = time-integrated .overall heat ug = tangential velocity compo- av = average over sphere surface
transfer, equation (43) nent .
. e f = fluid
g = local instantaneous heat flux o = thermal diffusivity 0 — forward st tion regio
Res = residue corresponding to S, v = dimensionless parameter (p,c,/ - o1wa?1 Stagnation region
r = radial coordinate psc;)Pe'/? § = sphere
ro = radius of sphere ¢ = dimensionless radial coordi- ss = steady state
s = Laplace-transform variable nate, equation (4) * corresponds to constant sphere sur-
8, = largest real singularity of 6,6, 6* = dimensionless temperatures, _ face temperature
equation (38) equations (33) and (4) denotes Laplace transform
Journal of Heat Transfer AUGUST 1972 / 261
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The boundary and initial conditions are similar to those stated by
equations (6).

Two methods are employed to obtain solutions of equation (7)
subject to its boundary and initial conditions. One method in-
volves numerical inversion of an integral transform, while the
second is based on an asymptotic expansion in the Laplace-
transform s plane. To facilitate the application of either
method, one begins by taking the Laplace transformation of (6)
and (7) with respect to the time variable 7, giving

= b d2f.* -
800* - {2 ‘d‘;‘_ = d?_‘; ] 00*(8, 0) = %:

fo*(s, @) = 0 (8)

where §o* is the Laplace-transformed temperature.

The implementation of the numerical-inversion method re-
quires that solutions of equations (8) be available for a number of
discrete values of s.  Such solutions are readily obtained via the
Runge-Kutta numerical-integration procedure, with s playing the
role of a prescribed parameter. Once 8*({) and (dfo*/d{)¢ =0
are found, then the numerical-inversion method can be employed
to determine the time variation of the temperature at any posi-
tion ¢, or of the surface heat flux. For the sake of generality,
let either of the aforementioned quantities be represented by the
prototype variable ¥, that is, .

-__<d_9_°;" .
X = it Je—o A5 O

where the subtractive factor 1/+/s is employed to insure accurate
results for small values of 7. Indeed, ¥ may represent any
known function of s (for a fixed {).

To recover x(7) from the known ¥(s), one begins with the de-
fining equation for the Laplace transform

X = 6*($) (9)

X(s) =f exp (—st)x(7)dr (10)
0

which is in essence an integral equation for x(7), the solution of
which will be obtained by numerical means. Although there are
some papers in the mathematical literature that deal with nu-~
merical inversion of Laplace transforms, e.g., [6, 7], little has been
done in this area by applied researchers. The approach outlined
below has been found to be highly serviceable by the present
authors in a number of problems and to yield results of good ac-
curacy ([5], Fig. 2).

To begin, the integration range in equation (10) is reduced to
the unit interval and a more convenient variable x is introduced
via the definitions

T = —(aln A)/b,  x(r) = bx(br) exp (cr) (11)
so that (10) becomes
' 1
%(sb 4+ ¢) = af A% =13 (—gIn A)dA (12)
0

where @, b, and ¢ are prescribable real constants.

The solution of the integral equation (12) for ¥ is accomplished
via the aid of the Gaussian-quadrature integration formula.
For a pre-selected number of points N in the interval 0 < A <
1, the integral is approximated by N terms, each term con-
taining a known weight w; and a known abscissa A;. The ap-
proximating procedure introduces N unknowns )2(—11 In A), 1
< 7 < N. Since one is at liberty to assign N real values of s,
say s;, 1 < j < N, the unknowns x are found by solving the
following set of linear algebraic equations:

N
Xeh+o)=a Y wA R (—almA), j=1,2..,N
i=1
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Once X(—aIn A) = x(br) has been found, the x(r) is calculated
by employing equations (11).

It remains to specify the number of points N, the values of s,
and the constants a, b, and c¢. The experience of the authors,
accumulated from a number of different problems, suggests that
N = 10ands; = j( =0, 1,... 9)lead to results of good
accuracy. The constant ¢ was taken as one, while b was
chosen to provide the desired range for 7 in accordance with
the first of equations (11) (note that the A values in the range 0
< A < 1 are fixed by the rules of the Gaussian quadrature).
The remaining constant ¢ was selected by trial and error, in
such a way that agreement is attained between results corre-
sponding to different values of b.

Results obtained by application of the numerical-inversion
method are presented later.

It may be relevant at this point to summarize some of the
strengths of the numerical-inversion method. In general, rela-
tively little preparatory analysis is needed prior to the numerical
computations. Furthermore, the computations themselves ave
performed with a very small expenditure of computer time.
Other candidate solution methods, such as that of [2], pre-
sumably also possess specific strengths. For instance, the method
of [2] naturally leads to the small-time solution by manipulation
of the general solution. On the other hand, that method re-
quires substantial analytical work prior to the computational
stage of the problem.

The series solution at the stagnation point is alternative to that
provided by numerical inversion, but is more restricted in the
range of the independent variables. The solution begins with
equations (8), which are recast in a form suitable to the series ex-
pansion by employing the transformation

A, §) = sb*(s,0),  § = V5§ (14)
which gives
d&H 1\ ., df ~
== (ﬁ)fzﬁf’ s, 0) = 1,
As, ©) =0 (15)

The series solution of equation (15) is expressed in powers of
1/5°/2 (that is, the expansion is for large s). Differential equa~
tions for the unknown functions of { that appear in the series are
deduced by equating terms having like powers of s and are subse-
quently solved in closed form. Then, the thus-determined series
for [A(s, §) is inverse-transformed, yielding the following repre-
sentations for the transient temperature and for the temperature
gradient at the stagnation point (i.e., the surface heat transfer):

x _ IS WU SO 9 R
00 (Tyg‘)—erfc(2'\/7>+2\/7?n2=:1]§111<3n+2—k)
2

T 3n—k
5 e (- §7) 94
X fo (r = A) exp(— 4A> o 10

© 3n—~1
20,* 1 - 3n + 1
S . T 17
(bf)r=o \/Wf+n§1a T / ( 2 ) an

It remains to specify the constants az,» that appear in the fore-
going. Formn = 1, the relevant constants are a1,y = —1/4, azn =
—1/4, and a3, = —1/6. The as,, for n > 2 are calculated from
a recurrence relationship

1
Gbn = = o [—ag-s).a + (B — 7 — Lag-2.¢m-1n
— k(k + Daginal  (18)
where ax,» = 0 when either k or n < 0 or when k > 3n. It should

be noted that the series (16) and (17) are of asymptotic type, and,
as will be shown in the presentation of results, are most accurate
when 7 and { are not too large.
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Solution for Arbitrary ¢. From Laplace transformation of equa-
tions (5) and (6), and with a subsequent change of variable de-
fined by

0%(s, £, d) = G(s, §, ) exp (—F [P cos @)/s  (19)
one obtains
%}—‘f = lsh a6, 606 - ¢ sin g S
G(s,0,¢) =1, G, ©, @) =0 (20)
where
95, ¢) = {cosd + F {1 + 1% {cos? b @1)

The differential equation (20) resembles, in form, one that was

investigated by Liouville and discussed by Erdelyi [8]. Corre-
spondingly, a series solution for G is constructed as
Gls, &, ®) = exp (=s2) 32 yalf, $)s—2 (22)

7=0

This is an asymptotic expansion for large s (large s corresponds to
small 7). Equation (22), taken together with the boundary con-
ditions in (20), requires that

:’/0(0; ¢) =1, yi(O: ¢’) =0 for

The substitution of (22) into the differential equation (20) and
subsequent grouping of terms according to powers of s yields for y,

w(, ¢) =1 (24)

which satisfies the boundary condition (23). The othery, 7 > 1,
are governed by the differential equation

i>1 (23)

oY 1 Dzyi_l 1 f . OYia
SR ROV LT
subject to the boundary conditions (23). Since the surface heat
transfer is of greater practical importance than the fluid tempera~
ture, attention is given here to evaluation of (3y;/9{ )¢ =0, expres-
sions for which are as follows:

Qua/38);=0 = —Fcosd,  (Ays/A =0 = —3% + + cos? @,
(us/3¢ )¢ =0 = 35 cos ¢ — £5 cos? @,

Oyn/0¢)¢=0 = —————124014281 - 2“285063 cos? ¢ + ——1205863 cost ¢ (26)

(25)

Lvidently, non-vanishing (dy;/d{ )¢ = 0 are those which correspond
to valuesof s givenby ¢ =24 35,7 =0,1,2,.... For the sub-
sequent determination of the surface heat transfer, the quantity
(20*/0¢ )¢ =0 is required. Equations (19) and (22), taken to-
gether with (26), yield (26*/2¢{ )¢ =0, and upon inverse transforma-
tion one obtains

og* __ ! e 8 [ous 5/,
(55' )r=0 VT + <0§)r=oT HE (as“>r=oT

1 (ows . _Gi_(,aﬂ,n> "
+4z(a§>§=07 t 10395vm \o¢ Jroe” T

Resvults and Discussion. The instantaneous heat flux ¢ at any
surface location may be deduced by applying Fourier'’s law ¢ =
—k,(0T/or),, which, when expressed in terms of the variables of
the analysis, takes the form

27)

2 * —1/3
gt (i Pe) _
(T; — To)ky \ 4

where, as before, the asterisk distinguishes the case of constant
surface temperature.

For the stagnation region, the numerical-inversion solution
provides values of — (36,*/0{ )¢=0 — 1/4/7T as a function of 7,
and, with these, the instantaneous heat flux follows directly from

—2(26*/3¢ )y =0 (28)
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Fig. 2 Stagnation-point heat transfer vs. fime (case of constant surface
femperature)

equation (28). An alternative set of results for the stagnation-
point heat flux is obtained by introducing the series representa-
tion (17) into the right-hand side of equation (28), with six terms
being retained for the computations.

The timewise variation of the stagnation-point heat transfer is
shown in Fig. 2 as a solid line. The heat-transfer rates are very
large at small times and decrease monotonically as time increases,
eventually approaching the steady-state value of 1.553. At
T = 1, the instantaneous heat flux is 3 percent larger than that
for the steady state. The series and numerical-inversion solu-
tions are virtually congruent for 7 values up to 0.9, whereupon
the former begins to diverge. Numerical values of the constants
a, b, and ¢ for the numerical-inversion solution are also listed in
the figure.

An expression for the instantaneous heat flux ¢* at any surface
location ¢ is obtained by combining equations (27) and (28), and
numerical results can be evaluated by introducing the values of
¢ and 7 that are of interest. The equation for ¢* is employed
here to deduce an expression for the surface-averaged heat flux
(g*)ay defined by

(g®)av = (1/47re?) f ¢*2mre? sin $dd (29)
0
with the result that
3 —s 2 19 7
Zp Nu* = —e 4 =~
(4 e) W= e Vs T
125687 /2
—_—— ... (RG
15380 T'(13/2) + 0)
where ’
Nu* = (¢*)av2ro/[(T; — T)k/] (31)

Tt can be verified that the first term on the right side of (30) is due
to conduction, while the other terms are associated with convee-
tion. Clearly, conduction is the dominant mode at small times.
The time dependence of Nu*/Pe'/5, evaluated from equation
(30), is depicted in Fig. 8. The three solid lines appearing in the
figure correspond, respectively, to one-, two-, or three-term repre-
sentations. In addition, there is a dashed line, expressed by

Nu*/Pe'/* = 1.54 exp (—2.67) + 0.991 (32)

which serves as a reasonable bridge between the results of equa-
tion (30) and the fully developed value of 0.991 [4]. The recom-
mended range of applicability of equation (30) extends from 7 = 0
to 7 = 0.8, whereafter equation (32)is to be used.

The trend of the surface-averaged heat transfer, as expressed
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by Nu*, is the same as that for the stagnation-point heat transfer
(Fig. 2). However, somewhat longer times are required for the
former to approach its steady-state value. Thus, for instance, a
3 percent approach to steady state is achieved at 7 = 1.5 for the
surface-averaged heat flux and at 7 = 1 for the stagnation-point
heat flux. This behavior is altogether. physically reasonable,
since the thinnest and more responsive thermal boundary layer is
at the forward stagnation point.

It is also interesting to note that in the conduction regime (r <
0.5), Nu* does not depend explicitly on the Peclet number (i.e.,
Nu* = 2/ Vira A/r?). On the other hand, for steady-state
conditions, Nu* ~ Pe'/s,

At this point, it is appropriate to discuss the relationship of the

results to the simplifications that were introduced in connection

with the thermal boundary-layer model. During the conduction
regime (0 < 7 < 0.5), the Nusselt-number results are unaffected
by the thermal boundary-layer assumptions. Since the thick-
ness of the thermal boundary layer increases with time, the
boundary-layer assumptions come into play most prominently for
the steady-state results. For the steady state, Acrivos and
Goddard [9] have derived a Nusselt-number result by using a
velocity-field representation which is a closer approximation to
the Stokes velocities, equation (2), than is equation (3). In the
present notation, Acrivos and Goddard’s steady-state result is
Nug*/Pe'/s = 0.991 + 0.922/Pe'/? + higher-order terms. On the
other hand, for the velocity field of equation (3), the steady-state
result is Nug* /Pel/ 3 = (0.991. The fractional deviation between
these results is equal to 0.93/Pe'/%, which can be taken to be the
relative error associated with the use of equation (3) for the veloc-
ity field. Therefore, for sufficiently high Peclet numbers, the error
is tolerably small. During the transient period, the Peclet-
number limitation is less stringent than for the steady state, and
in particular there is no Peclet-number limitation for r < 0.5.

Representative results for the transient temperature history
in the fluid are presented in Fig. 4. This figure pertains to the
stagnation region (¢ = 0), and the curves were evaluated from
equation (16) for parametric values of the dimensionless radial
coordinate. It is seen from the figure that the most rapid
transient response is at locations nearest the surface. Seven
terms (i.e., » = 1, 2,..., 7) were employed in the evaluation of
equation (16), the curves being terminated when satisfactory
convergence was no longer achieved.

Time-Dependent Sphere Temperature

Attention is now turned to the situation wherein the sphere
has a sufficiently high thermal conductance that its temperature
is spatially uniform at any instant of time. Timewise variations
of the sphere temperature are controlled by the balance between
the surface heat transfer and the change of the internal energy of
the solid. Initially, at time ¢ = 0, the solid and fluid are at dif-
ferent uniform temperatures, 7'; and T, respectively.
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In the analysis, the sphere temperature is denoted by 7'.(2),
while T',(t, 7, ¢) represents the temperature field in the fluid,
The dimensionless counterparts of these temperature variables
are

0, = (T, = To)/(T;— To), 0=(T;—Ta)/(T;—Ts) (33)

Continuity of temperature at the surface of the sphere requires
that 8,(¢6) = 6(, 7o, ¢) for ¢ > 0and for all ¢.

The first step in the analysis is to obtain the solution of the
energy equation for the fluid. This is most expeditiously ac-
complished via Duhamel’s theorem, which makes use of the al-
ready determined function 6*(r, ¢, ¢), representing the fluid-
temperature solution for the case of constant sphere temperature.
Upon integrating the standard form of Duhamel’s theorem by
parts and using the conditions 8*(0, {, ¢) = 0 and 6,(0) = 1, one
obtains

0,59 = 0 50+ [0 - n e G @
0

Equation (34) constitutes one link between the fluid- and sphere-
temperature variables  and 0,.

A second link is provided by the balance between the surface
heat transfer and the change of internal energy of the solid, that is

4 ar, " oT .
PsCs <§ 7r1'o3> P ﬁ k, <E—f—>ro 2mro? sin ¢d¢  (35)

the dimensionless form of which is

2 pets (3 )‘/ﬁ do, f" (ae) )

— — Pe — = — sin ¢d 36)
3 prer \ 4 dr o0 \o{/¢=0 ¢dé
The elimination of § between equations (34) and (36) leads to

de,
v dr

= —Nu*(r) — fT Nu*(t — A\) @d)\ (37)
0 d\

where v is a property grouping defined in the Nomenclature.
Nu*(t), the surface-averaged Nusselt number for the case of con-
stant sphere surface temperature, is expressed by equation (31).
The solution of equation (37), which will yield 6,(7), is to be per-
formed here by employing a method based on integral transforms.

The basic equation for the solution method is deduced by tak-
ing the Laplace transform of equation (37) with respect to 7,
which gives

1

6) = {1 Nur(o)/o]

(38)
where 8,(s) and Nu*(s) are transformed counterparts of 8,(r) and
Nu*(r). The Nusselt number Nu*(r) is known from the analy-
sis that was described earlier in the paper, and its Laplace trans-
form Nu*(s) can also be found. With Nu*(s) as input, §.(s) is
determined from equation (38). It then remains to carry out the
inverse transformation, thereby solving for ().
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Four solutions for 8,(r) will be described here. The first,
based on numerical inversion of equation (38), is a general solu-
tion valid for all times 7. The other three solutions are: (a)
small-time, (b) large-time, and (c) quasi-steady. Depending on
the values of the governing parameters, each of the three afore-
mentioned approximate solutions may have a substantial time
span of high accuracy, especially the large-time solution,

General Solution via Numerical Inversion. The Nu*(s) needed as
input to equation (38) is deduced by direct application of the
definition of the Laplace transform to Nu*(r) as expressed by
equation (30) for 7 < 0.8 and by equation (32) for7 > 0.8

3 _l/sm*(s)_lerf(‘/—g) +_L
£ ° T Vs 78] 48T (7/2)
125687 n

i/ exp (—st)dr

T1
xf Ts/zexp (—s71)dr —
0

+ 1.69 exp [— (2.6 + s)m]/(2.6 + s)
+ 0.991(4/3)/% exp (—s71)/s (39)

153800'(13/2) J ,

where 71 = 0.8. The integrals appearing in the foregoing are
easily carried out in closed form. In view of equations (39) and
(38), 8,1s a known algebraic function of s.

Now let 8,(s) be associated with the function %(s) of equation
(10). Then the numerical inversion described in the paragraphs
subsequent to equation (10) applies without modification, yield-
ing 0,(r). Results obtained in this way will be presented later.

Small-Time Solution. As was noted earlier, heat conduction pro-
vides the domiinant contribution to Nu*(r) at sufficiently small
values of time. Therefore, to generate a small-time solution for
0,(r), only the first term of the series (30) for Nu*(7)is used in the
determination of Nu*(s). Upon employing this Nu*(s) as input
to equation (38) and carrying out the inverse transformation for
large s (small 7), one finds

6 T/
ORI
The range of applicability of this solution will be explored when
the results are presented.

Large-Time Solution. From the asymptotic theory of Laplace-
transformed functions as applied to equation (38), it follows that

0,(1) = (Res) exp (S,7) (41)

— &0_“ Pe‘/z
bsCs

0.y =1 (40)

The quantity S, is a real negative number determined by study-
ing the singularities of the function appearing on the right side of
equation (38). Specifically, S, is the largest real part among the
singularities of the function. Res is the residue corresponding to
Sy

In the determination of the numerical values of S, and Res, two
models were used for the function Nu*(s) that appears in equa-
tion (38). For the first model, Nu*(s) is expressed by equation
(39), which corresponds to Nu*(r) from equations (30) and (32).
For the second model, Nu*(s) is based on equation (30) for the
range 0 < 7 < 1.32 and on Nu*(r) = 0.991 Pe'/* for 7 > 1.32.
Referring to Fig. 3, the second model is seen to consist of curve 3
up to 7 = 1.32 and of a horizontal line thereafter. The motiva-
tion for using two different models is to demonstrate that the
accuracy of the 8,(r) from equation (41) is not prejudiced by the
tail that is fitted to the series solution (30).

A comparison of the values of S, and Res showed only small
differences between models 1 and 2. An even more decisive com-~
parison of §, results is made in the forthcoming presentation of
results.

Quasi-sfeady Solution. If the transient were to consist of a se-
quence of instantaneous steady states, then Nu*(r) = Nus* and
Nu*(s) = Nus*/s. With this, and with the subsequent inver-
sion of equation (38), there is obtained

0,(r) =2 exp (—1.87/%) (42)
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Results and Discussion. Among the results, perhaps of greatest
interest is the time variation of the sphere temperature 8, = (T,
— T')/(T; — T) and the time-integrated overall heat transfer @

defined as
t
Q= f [f qu]dt (43)
0 A
These quantities are connected by the relation
1+ Q/lpse(dmre®/8)(Ts — Tw)] = 6, (44)

Numerical results for the time variations of #, and @ are pre-
sented in Figs. 5(a) and 5(b).

In Fig. 5(a), the aforementioned quantities are plotted as a
function of (oz,t/ro?')PeZ/3 with (pscé,/pfcf)Pel/a as curve parameter.
The inset at the upper right provides results for small values of the
abscissa variable. The solid lines appearing in the figure corre-

.spond to the general solution obtained by numierical inversion,

while the dashed and dot—dashed lines respectively represent the
small-time and quasi-steady solutions. Fig. 5(a) verifies the
expected physical trend that 6, decreases monotonically with
time, approaching the equilibrium condition 8, = 0, that is,
T, =T

AUGUST 1972 / 211

Downloaded 27 Dec 2010 to 194.27.225.72. Redistribution subject to ASME license or copyright; see http://www.asme.org/terms/Terms_Use.cfm



Further inspection shows that the rate at which 6, decays in-
creases markedly as pse,/p ¢, increases (at fixed Pe), that is, when
the heat capacity of the sphere increases relative to that of the
fluid. For sufficiently large values of (p.c,/p fcf)Pel/ 3 there is a
long period dming which 6, is nearly one. Furthermore, for any
(psCs /p_,c/)Pe 3, one can use Fig. 5(a) to find the range of (a,t/ro?)-
Pe’/" for whlch the condition , =2 1 is satisfied. Therefore, the
range of applicability of the analysis for constant sphere surface
temperature can be ascertained. ‘

Fig. 5(a) also provides insights into the ranges of applicability of
the small-time and quasi-steady solutions. The former is rea-
sonably accurate within the range 0.9 < 4, < 1. On the other
hand, the quasi-steady solution is most accurate for large values
of (p,c./p ,cf)Pel/ s and then only at large (a /t/’roz)Pez/ i

It remains to explore the behavior of the results at large times,
and Fig. 5(b) has been prepared for this purpose. The coordi-
nates of Fig. 5(b) were selected so that, for a given value of
(pscs/pfc,)Pel/ 3, the large-time solution would be a straight line
when plotted thereon, as per equation (41). The solid curves of
Fig. 5(b) correspond to the numerical-inversion solution. These
curves show straight-line portions of considerable length which
coincide with the large-time solution, equation (41). In particu-
lar, for the larger values of (p.c,/p,c ,)Pe‘/ * almost the entirety of
the curves are straight lines, and furthermore these lines are
packed so closely together as to be hardly distinguishable from
one another. Thus, for systems characterized by large valites of
the aforementioned parameter (say, >50, e.g., a metal sphere in
o0il), one may regard the results for sphere temperature and heat
transfer as independent of the curve parameter. For this range,
the results are represented by the quasi-steady solution, equation
(42).

Within the scale of Fig. 5(b), the results computed using
models 1 and 2 for Nu*(s) are indistinguishablé for all values of
(psts/pye ,)Pel/ except unity, where a dashed line has been used for
model 2.

Another result of interest is the duration of the transient, which
may be defined as the time required for 8, to reach some small pre-
assigned value, typically 0.05 or sinaller. Since the large-time
solution holds for this range, the steady-state times i, may be de-
duced from equation (41), so that

Oty In (0,/Res) Pe—/s

7o 8,(3/4)"/ (45)

Steady-state times, evaluated from equation (45) in conjurction
with the values of S, and Res from model 1, are shown in Fig. 6
for , = 0.05, 0.03, and 0.01. One can readily verify that for 4
fixed Pe, the Fourier number o f./70* increases with increasing
psCi/pses. The curves become essentially horizontal for abscissa
values greater than 100.
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Laminar Boundary Layers at High Prandtl Number,” Journal of the
Aeronautical Sciences, Vol. 23, 1956, pp. 937-948.
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An Experimental Technique for Determining the
Diffusion Effect of Braze Material on the
Thermal Conductance of Thin Copper Fins

The purpose of this communication is lo report on « successful technique for the measure-

ment of thermal conductance tn thin radiating fins.

This work was requared in the

development of a lightweight radiator-condenser for the mercury Rankine cycle of the
SNAP II program at Atomics International.

Tmc THERMAL conductance of thin radiating fins can
be determined employing thermal radiation itself as the calo-
rimeter. When the emissivity of the surface is well known and
thermocouples are properly installed, very accurate results can
be obtained. Thermal equilibrium is attained rapidly since no
guard heaters are required. The cost for specimen preparation
canh be significantly lower than that for the standard type of
conductivity test when the fin material or construction is of a
special nature.

Problem

A cross-sectional view of a concept for the lightweight radi-
ator—condenser is shown in Fig. 1. It consists of & conical array
of stainless steel condenser tubes sandwiched between two thin
face sheets of stainless steel with stainless steel honeycomb filling
the space between the tubes. Very thin tapered copper fins
are brazed to the outside face sheet to provide a high-conductivity
path for transferring the condenser heat to the surface of the
radiator where it is rejected to space. During the brazing
operation the braze alloy diffuses into the copper fin and de-
grades the thermal conductance of the fin. Two questions ex-
isted: (1) Was the diffusion homogencous throughout the thick-
ness of the fin or was it confined to a thin layer and (2) if it were
homogeneous, what would be the percentage reduction in thermal
conductivity of the copper, or if it were confined to a thin layer,
what would be the defect in conductance in terms of an equiva-
lent thickness of a layer of copper?

In the first case the degradation of conduetivity would be
isotropic and uniform. In the second case the average con-
ductivity would be anisotropic, the average lateral conductivity
for heat flow along the fin being different than an averaged

Contributed by the eat Transfer Division for publication (with-
out presentation) in the JourNatn or Hear Transrer.  Manuseript
received by the Heat Transfer Division June 7, 1971. DPaper No.
72-HT-¥,
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|_—NUCLEAR REACTOR

—CONICAL RADIATOR -
GONDENSER SHELL
(POWER PLANT INSIDE)

INSTRUMENTATION &
CONTROL SECTIGN

STEEL FACE SHEETS

HONEYCOMB

TAPERED COPPER FINS -

Fig. 1 Perspective view of cut-out from the SNAP [l radiator~condenser

conductivity for flow of heat normal to the fin. This study,
however, is only concerned with lateral conductance since it is
the important term in the design of thin fins.

Modeling

In the design procedure for the radiator portion of the radi-
ator-condenser, a two-dimensional conduction-radiation ecqua-
tion is solved with the appropriate boundary conditions for a
given fin geometry to ascertain whether the entire radiator will
perform as desired. 'The following one-dimensional equation
is basically of the same form as the two-dimensional equation;
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Fig. 2(a) Microphotograph of back-to-back fin specimen prepared with
0.002 in. of Cu=Mn braze; central portion of phote is 0.008 in. of Ph15-
7Mo stainless steel; outer portions of phote are pure copper
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Fig. 2(b) Microphotograph of back-to-back fin specimen prepared with
0.0015 in. of Cu~Ag-Lli braze

it contains the same term for the lateral thermal conductance
K that is required:

A(K dT/dz)/dx = oe(T* — T 1) @)

Here K = ki, 4+ kyfy + kty + k(t, — ) = Ki + kg, for the
case where diffusion of the braze into the copper is limited to a
uniform layer along the fin. Attention will be limited to this
case since it was determined that diffusion is indeed limited,
as indicated by microphotographs shown in Tig. 2 and by the
results of the test shown in Fig. 4. K is a constant which can
be negative if the conductivity in the diffusion zone %, is very
poor or if the diffusion zone ¢, is very thick. Negative values of
K, indicate that an increased thickness of copper is required in
the final design to compensate for the degradation, the thickness
being equal to Ki/k,.

Experimental Technigue

The value of K as a function of {, was determined by conduct-
ing heat-transfer experiments on one-dimensional rectangular
fins of various thicknesses of copper. The fins, 8 in. long by 1
in. wide, were constructed by brazing a layer of copper to both

600,
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Fig. 3 Comparison of computed temperature profiles with measured
temperatures for two different fins at same tip temperature; heater and
thermocouple arrangements shown in inset
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Fig. 4 Measured thermal conductance of fins versus copper thickness

sides of an 8-mil sheet of Ph15-7Mo stainless steel, resulting in a
“back-to-back’ type of specimen. The lower 4 in. of the
specimen was coated with a well-known high-emissivity (¢ =
0.91 == 2 percent) ceramic coating that was developed for the
radiator—condenser.! This portion of the fin specimen repre-
sented the test section where the heat-transfer rate from the fin
surface would be a well-known function of the local tempera-
ture. Thermocouples were installed at both ends and in the
middle of the coated region of the fin as shown in Fig. 3. Five-
mil-dia iron-constantan wires were swaged into No. 80 holes
drilled through the fin. The low thermal conductivity of iron
and constantan minimized conduction losses in the leads and the
leads were well separated at the surface of the fin so that the
junction remained below the surface. Blockage of thermal

1 Crosby, J. R., and Perlow, H. A., “SNAP 10 A Thermal Control
Coatings,” in: Progress in Astronautics and Aeronautics, Vol. 18, Aca-
demic Press, New York, N. Y., 1966.

Nomenclature
K = conductance x = distance from fin tip Subscripts
k = conductivity o = Stefan-Boltzmann constant z = ls)teel
: N = braze
t = thickness € = emissivity d = diffusion
T = temperature B = oe/K ¢ = copper
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radiation by the thermocouples was minimized by leading the
very thin bare thermocouple wires directly away from the view
of the swrface.. An electrical heater was installed at the top
of the uncoated portion of the fin. The uncoated portion was
polished to produce a low-emissivity (low-heat-loss) section for
conducting the heat from the heater to the coated test section.
A can-shaped water-cooled heat sink 6 in. in diameter and 11
in. long closed at both ends was used to provide a well-known
thermal environment for the test section. The fin specimen was
suspended through a slit in the top of the can, the coated portion
as well as a good part of the uncoated portion being inside the
tank while the heater remained outside. The entire assembly
was placed inside a vacuum tank. Thermal tests were conducted
at various temperature levels in the range of design. A total of
seven specimens, four with a silver—copper-lithium braze and
three with a copper-manganese braze, were tested.

Sinece the conduectivities of the various layers within the com-
posite fin do not vary significantly with temperature, the value
for K is independent of z; thus equation (1) can be simply ex-
pressed for the conditions of the experiment as

AT /dx? = B(TH — T3 (2)

where 8 = ge¢/K. The boundary condition d7/dz = 0 applies
at the tip of the specimen. The tip is essentially adiabatic,
being a well-polished metal of low emissivity and of small cross-
sectional area.

Results

The value for 8, hence K, for each test was determined by
matching temperature profiles generated by computer to the
temperatures measured in the experiment. The profiles were
obtained by numerical integration of equation (2) starting with
the experimental tip temperature and using selected values for
B. The experimental tip temperature is the measured tip
temperature corrected for thermocouple displacement from the
tip. Two typical temperature profiles are shown in Fig. 3 for
two different fins whose tip temperatures were the same. Note
the excellent agreement of the profiles with the data at the mid-
point. The values for K are plotted in Fig. 4 as a function of
the original thickness of copper. The data behave linearly in
the region where the copper thickness is greater than the diffusion
thickness. In this region the slope of the curve is equal to the
conductivity of pure copper, since additional copper is unaffected
by the diffusion layer. At small thicknesses of copper the curves
might be expected to behave as indicated by the dashed lines.
The measured lateral thermal conductance will always have
some finite value even at zero copper thickness, since the con-
ductivities of the braze material and steel are positive, although
small. It is expected that the Ag—Cu-Li braze has a higher con-
ductivity than the Cu-Mn braze. Since design requirements

Journal of Heat Transfer

preclude fin designs using less than approximately 7 mil of copper,
the straight-line model (solid lines) satisfies design needs.

The intercepts of the straight lines with the abscissa represent
the defect in conductance in terms of the additional thickness
of copper that would be required for the design. 1In other words,
if a tapered fin were designed based on copper alone, that is
assuming no contribution in conductance from the steel or braze
and no degradation due to the braze, the eventual design thick-
ness of copper must be increased by that constant amount. In
the cases of the Ag—Cu-Li and the Cu—Mn brazes these amounts
are 0.6 and 4.5 mil respectively. The greater amount of degrada-
tion with the copper-manganese braze is attributed to the inter-
granular type of diffusion that penetrates deeper into the copper
and surrounds the grains of copper with an insulating coating.
Diffusion of the silver—copper-lithium braze is intragranular
and does not proceed as deeply into the copper. This is indi-
cated in the microphotographs of Fig. 2.

Gonclusions

Lateral thermal conductance of thin radiating fins can be de-
termined quite accurately by using thermal radiation itself as
the calorimeter. There 1s no need to either measure electrical
power to heaters and account for losses or to measure heat flow
by other calorimetric techniques. The only major requirements
of this type of thermal test are that a well-known emissivity
coating be used (the accuracy to which the conductance is known
is equal to that of the emissivity) and that eare be taken in the
installation of thermocouples so that they measure the tempera-
ture inside the fin (spot-welding or brazing thermocouples to the
surface is a questionable method). The great advantage of using
this type of test in the radiator-condenser development program
was the significantly lower cost of manufacturing fin-type speci-
mens compared to that of the bar-type specimens used in the
standard type of conductivity test. Bar-type specimens require
as much as 10 times the materials in their construction, so savings
were made in this case where experimental braze melts and
laminate preparation was expensive. Preparation of bar-type
specimens from the laminates is a difficult and expensive pro-
cedure, also. Another advantage is that there is no need to
guard against heat losses at the high design temperatures used,
as would be the case in the standard type of conductivity test,
and the time required to achieve steady state is considerably less
because of this.
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Correlations for Thermal Contact
Conductance In Vacuo

A correlation developed by Holm for thermal contact conductance measurements made in
vacuo is discussed and its physical basis is deduced with the help of dimensional analysis.
On modifying Holm's treatment by including surface roughness and neglecting nominal
contact area, the analysis vields a dimensionless conductance C* = C/ok and o dimen-
sionless load W* = W/o?M. When 350 data poinis from the literature for aluminum

and stainless steel contacts in vacuo are plotted in this form C* is found to be propor-
tional to about W*-3 with correlation coefficients of better than 0.9. The correlations
for the two materials do not coincide, however, and this and other discrepancies are

discussed.

Introduction

WITH the continuing trend toward higher efficiencies
for industrial processes and machinery which use or generate
heat the economic importance of thermal contact resistance has
become increasingly recognized, and the literature on the subject
now amounts to several hundred papers [1]! mostly dating from
the last 20 years. Several comprehensive reviews [2-4] are
available. The theoretical base of the subject is fairly well
established, but the simplified models used have proved difficult
to apply directly to the types of interfaces of practical interest to
engineers and designers. A situation almost unique in heat trans-
fer exists where the very large body of published experimental
data is for various reasons quite inaccessible for comparison.
This paper is an attempt to collate a portion of the available re-
sults in a form more convenient for the design engineer and for
research workers in the field.

Previous Work

A number of attempts to correlate thermal contact conductance
data have been made [5-9], generally with only partial success.
Several of these are usefully criticized by Minges [3]. Exact solu-
tions have been developed for one special case, the plastic contact
in vacuo between flat and isotropically rough surfaces whose
heights are distributed normally about a mean plane. Tien [9]
has shown from dimensional considerations that for such a case a
relationship exists between dimensionless conductance Co /Y Ak
and dimensionless load W /A M, where o is the rms surface rough-
ness and ¥ is the mean absolute surface slope. This has been

1 Numbers in brackets designate References at end of paper.

Contributed by the Heat Transfer Division for publication (without
presentation) in the JOURNAL oF HeAT TRANSFER. Manuscript re-
ceived by the Heat Transfer Division January 5, 1971. Paper No.
71-HT-AA.
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Fig. 1 Variation of dimensionless conductance with dimensionless load

for plastic contacts between flat isotropically rough surfaces

confirmed analytically by Cooper et al. [10] and Thomas and
Probert [11], who showed independently that over a wide range
of loads the dimensionless conductance is proportional to the 0.99
power [10] or 0.92 power [11] of the dimensionless load. These
theories are in fair agreement with experiment (Fig. 1).

However, the majority of published measurements have heen
made with the wavy anisotropic surfaces of everyday engineering
practice. Contacts between such surfaces are less susceptible to
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Fig. 2 Variation of dimensionless conductance with dimensionless load
for stainless steel contacts in vacuo (see Table 1)

mathematical analysis than the case discussed above, but Holm
[12] has attempted a correlation aimed specifically at engineering
surfaces in vacuo. He suggested that the thermal resistance R of
machined joints in vacuo is independent of the roughness of the
contacting surfaces, and can be written as

E = ¢f(W)

where ¢ is a dimensionless function of the contact materials pro-
portional to v/M /k and f(W) is a resistance depending on the
applied load W. The function f(W) was obtained empirically
from values of R/¢ and W taken from the work of eight investiga-
tors, together with some electrical results of his own. In this
way Holm obtained a relation of the approximate form

Rk/\/M « W01 (1)

Because of the fractional index of W, equation (1) cannot be
transformed into a relation hetween resistance (or conductance)
per unit area and nominal pressure by dividing both sides by 4.
This is clearly a result of some importance, but in Holm’s paper it
is based on only 23 experimental points. A survey of the litera-
ture was therefore undertaken in an attempt to confirm his con-
clusions. A preliminary investigation gave a result similar to
Holm’s, but as more results came to hand, the correlation became
progressively worse. It was decided to reexamine the problem
using a dimensional approach.

Dimensional Analysis

Tt was assumed initially that the only parameters affecting the
contact conductance besides the load are the surface hardness,
thermal conductivity, and nominal contact area. These can
together be described in terms of the five dimensions of mass,
length, time, temperature, and quantity of heat. There are by
inspection three independent equations in the coefficients of the
variables, and by the Pi theorem these can be grouped into 5 — 3
= 2 dimensionless numbers, say C/k+/4 and W/AM.

When a selection of data from the literature was plotted in this
form correlation was little better than for the extended version of

Holm, but the slope of the logarithmic plot was again about 0.7,
ie.

Clkn/A « (W/AM)®"

or

CN/M [k = (AM )20

If the term in AM, which is virtually constant, is neglected the
relation reduces to equation (1) and provides a physical basis for
Holm’s correlation.

At this juncture the evidence was that the nominal contact area
did not play a significant role in the variation of contact condue-
tance and it was decided to replace it in the analysis. Despite
Holm’s conclusion it seemed reasonable that the swiface topogra-
phy would exert some influence on the contact conductance. The
dimensional analysis was therefore repeated with o, which is the
topography parameter most widely quoted by experimenters, in
place of 4, and again yielded two dimensionless numbers, chosen
as dimensionless conductance C* = C/¢k and dimensionless load
W* =W/o?M.

The experimental results of ten authors [11, 13-21] for stain-
less steel and aluminum alloy contacts were plofted in this form.
These materials were chosen because of their widespread practical
use, and also because between them they comprise the majority
of published conductance data. The stainless steel data (Fig. 2)
are all for contact between similar specimens, but the data for
aluminum (Fig. 3) include results for contacts between aluminum
and harder metals. In the latter the hardness of the softer ma-
terial and the harmonic mean thermal conductivity have been
used in the calculations. The value adopted for the surface
roughness is the sum of the rms roughnesses of the individual
surfaces. Where authors have not quoted physical properties of
their specimens these have been taken from tables; where the
hardness was not stated a value of three times the yield strength
was assumed. For measurements made over a range of tem-
peratures, appropriate mean values of hardness and thermal con-
ductivity have been interpolated (Tables 1 and 2).

Only data for joints where at least one surface was machined
have been used. Contacts where both surfaces are described as
lapped or polished are not anisotropic and data for such surfaces
have been excluded. Two other sets of measurements have been
deliberately omitted: those of Clausing [22] were made on con-
vex contacts, while the very high surface roughness values quoted
by Shlykov and Ganin {23] suggest a misprint or mistranslation
of units. Measurements were made on bar specimens except
where otherwise indicated in the tables.

Discussion

Least-squares fits were made to 102 stainless steel data points
and 240 aluminum data points. Not all of these are displayed in
the figures because of overlapping. The best straight line through
the stainless steel data is

In C* = (0.743 = 0.067) In W* + 2.26 &= 0.88
while the best line through the aluminum results is given by
In C* = (0.720 &= 0.044) In W* - 0.66 & 0.62

The errors shown are probable errors. The correlation ecoef-
ficients for the two sets of data are respectively 0.915 and 0.913.
Bearing in mind the number of data sources and the wide range

Nomenclature
A = nominal contact area (m?)
C = thermal conductance (w/deg K)
C* = dimensionless conductance C/ck
k = thermal conductivity (w/m-deg K)

M = surface hardness (N/m?)

Journal of Heat Transfer

= thermal resistance (deg K/w)

= load (N)

dimensionless load W /o*M

= yrms swrface roughness (m)

= dimensionless contact parameter

= mean absolute surface slope (radians)

©«8 q g*%:u
I

aucust 1972 / 211

Downloaded 27 Dec 2010 to 194.27.225.72. Redistribution subject to ASME license or copyright; see http://www.asme.org/terms/Terms_Use.cfm



SYMBOL  REFERENCE
Vd
105} o [19] P
. {13] Ve
o [14] e
4
sk . {15} 7
3 [16] 2 / e R
]
s (1. ' P ~ v "'
X v [17] Vil .
& 2r v 18] 7 oo
) 7 4 Ve v
w o [20] ' v P 4
© —_— " 19W"? , . ak¥s ,
g 10%- s ¥ ° / 8
= ~—=—  95% CONFIDENCE LIMITS pa 4y . 7
s 4 v °/ o “,
3 , ,a’ N W 8 S
=) v v o8 ob
2 5F 7 ¢ Ll X [N
3 o
[a} 7 e "l
© 7 ° A [} a
@ -, LN T . Ve
2 7 v & & A
Q V A A/'ef‘ R LI
Q9 2 a ¥ S °
k4 Ve & 9 A 5
3 & s o A N p
a v v
4 7 9 e e 4
0 Ve e 3 ° Vd
& 4 v
7 v 'i oe Ve
” .
7
7 o o
sf e /: v //
” v []
[] a P 7
% 8 ﬂ' /
@ 7’
2F ] 7
7
v 7
- ,
107 ‘ " A L ‘ L L
5 104 2 5 105 2 5 108 2 5 107

DIMENSIONLESS LOAD W™z W/z-2y

Fig. 3 Variation of dimensionless i
or both surfaces are aluminum (see Table 2)
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less load for contacts in vacvo where one

Table T Stainless steel contacts
Number of
Reference Material Finish A (10~% m?) ¢ (10~ m) M (108 N/m?) k (w/m-deg K) data points
21%* 18-8 rolled 2.84 0.74 31 15 21
19% 302 rolled 0.58 0.77 8.5 16.2 7
18 17-4 PH ground 20.2 0.86 44 4 11.7 15
1.78 44 4 11.7 12
3.7 44 .4 11.7 11
5.7 44 .4 11.7 14
17 304 ground 20.3 2.4 27 15 11
0.63 27 15 11
Table 2 Contacls where one or both surfaces are aluminum
i Number of
Reference Material Finish A (104m?) ¢ (10°%m) M (108N/m?) k (w/m-degK) data points
13 6061-T6 flycutter 10.14 3.0 10 200 7
14 6061-T6 turned 19 3.65 10.5 170 9
15 6061-T4 milled 5.1 0.762 10.5 190 5
turned 5.1 2.44 10.5 190 3
11 Al lapped 1.86 0.6 18 35.5 26
stainless steel ground
201 2024-T3 rolled 156 0.36 13 190 6
flycutter 156 0.71 13 190 7
shaper 156 2.9 13 190 4
19t 6061-T6 rolled 58 0.48 8.8 172 25
18 7075-T6 ground 20.2 0.81 20.2 93 13
2.3 20,2 93 15
3.1 20.2 93 18
6.6 20.2 93 13
18 7075-T6 ground 20.2 0.81 20.2 20.7 12
stainless steel ground
17-4 PH
17 6061-T6 turned 20.3 0.60 10.5 190 9
2.8 10.5 190 9
16 2024-T4 turned 20.2 2.3 15 120 20
0.4 15 120 32
16 2024-T4 turned 20.2 0.5 15 26.7 7
stainless steel ground
304

* 0.05-mm disks; 1 3.2-mm plates.
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of experimental parameters, the degree of correlation is encourag-
ing. In particular the decision to neglect the nominal contact
area appears justified; variations of up to 40 times in this pa-
rameter have not had any appreciable effect on the correlation.

It is interesting to note that the correlations include measure-
ments made on specimens of sheet or plate form. To treat a
specimen as semi-infinite it is necessary that its dimensions in the
direction of heat flow should be greater than the limits of the re-
gions of disturbance caused by individual macroscopic constric-
tions. These limits are smaller than might be thought. It has
recently been shown [24] that over 90 percent of the resistance of
a circular constriction occurs within five constriction diameters
of the surface. If the diameter of a macroscopic constriction,
l.e., the envelope of a cluster of microscopic constrictions, is as-
sumed to be of the order of the separation of machining ridges,
say 0.5 mm on a typical turned surface, then any body of thick-
ness greater than 2.5 mm can be treated as semi-infinite. For
sheet material where the striations are closer together the limit
might be rather less.

The hysteresis effect of loading might be a factor in explaining
the degree of scatter within each correlation. Experimenters
rarely mention the loading history of their specimens, though as
Mikic [25] has shown conductances can differ by a factor of four
or more according to whether they were measured under increas-
ing or decreasing load. In certain cases the directional effect
[11] could also cause variations. '

A more serious problem is the discrépancy between the correla-
tions for stainless steel and aluminum. It is clear from an in-
spection of the 95 percent confidence limits (Figs. 2 and 3) that
the two sets of data do not belong to the same statistical popula-~
tion. Clearly the dimensional analysis is incomplete. The fact
that the data for two different materials falls into two well-
defined groups indicates that the missing parameter or parameters
must represent the intrinsic properties of the material. The
good agreement of the slopes of the correlations is evidence that
the other variable involved is dimensionless.

A possibility is that other surface parameters are involved. Tt
has been suggested [26] that an isotropic surface may be com-
pletely specified by two parameters, the rms roughness and the
correlation length (the distance in which the autocorrelation
function of the surface profile decreases to a tenth of its initial
value). Preliminary studies in this department (to be published
elsewhere), however, indicate that correlation lengths of stain-
less steel and aluminum surfaces with similar finishes do not differ
significantly. Clearly the correlation length of an anisotropic
surface will depend on the direction of measurement relative to
the lay. Such a surface will therefore need at least one additional
parameter to describe its contact properties, and it is possible
that this parameter may be specific to a particular material.
Further work on this problem is needed.

Conclusions

If the thermal conductance of an interface in vacuo is assumed
to be independent of the nominal area of contact, the application
of dimensional analysis has been shown to- yield two dimension-
less numbers, a load number W* = W/o*M and a conductance
number C* = ('/ok. The Ligh degree of correlation of data from
the literature plotted in this form has confirmed the assumptions
of the analysis. The correlations hold over a range of more than
three orders of magnitude in dimensionless load; in the case of
aluminum the correlation applies to joints between dissimilar
materials where there are differences of more than an order of
magnitude in the thermal conductivities of the contacting
materials. :

From the point of view of the designer it is convenient that
only three parameters besides the load need to be known to pre-
dict the conductance. One of these, the thermal conductivity,
may easily be found from tables, while the other two, surface
hardness and rms roughness, can usually be measured in-house.

Journal of Heat Transfer

It is also useful that the correlations can be applied to iriterfaces
between materials in sheet or plate form, as many practical con-
tacts are likely to be of this type.

In the present correlations only measurements made in vacuo
have been used. It has been suggested, however [27, 28], that
when heat flows between two solid bodies in the presence of o
conducting fluid the contribution of the fluid to the total conduc-
tance is in most practical cases independent of the conductance
through the contact spots and invariant with load. Evidence
in support of this hypothesis was provided by Thomas and
Probert [29], who took a large number of conductance measure-
ments made in air and other fluids from the literature and ex-
trapolated the best line through each set of data to zeio load.
When this intercept, which was interpreted as the constant fluid
conductance term, was subtracted from the total conductances
to give the contact-spot conductances, almost all the sets of data
were best represented by linear rvelations bétween conductance
and fractional powers of the load. It would be interesting o re-
peat the present correlations with the inclusion of data obtained
in the above way from the large published body of measurements
on gas- or liquid-filled contacts.
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DISCUSSION
L. S. Fletcher®

The authors have utilized dimensional analysis in the formula-
tion of correlation parameters for the estimation of thermal con-
tact conductance in a vacuum. Such an approach has been
used hefore, but the results usually have not met with as much
success as the correlation parameters of the present work. An
analysis of this type, however, should indicate the limitations
of the correlation parameters so that they will not be generalized
beyond their limits of application. :

Although the paper discusses some of the previous work on the
correlation of thermal contact conductance, several of the more
extensive correlation investigations have been omitted.. In
particular, the work of Laming [30], Hsieh and Touloukian
[31], Fletcher [32, 33], and Malkov [34] should be considered in
a discussion of the correlation of thermal contact conductance.
In addition, Fried [35] has recently critically reviewed correlation
and prediction techniques for thermal contact conductance, and
established some guidelines for the correlation and prediction of
the contact conductance of a joint. It would have been in-
structive had the authors compared their correlation expressions
and techniques to those of other investigators.

One of the recently developed correlation expressions [33]
complements the present work but includes an additional param-
eter for compensation of the variation of mean junction tempera-
ture. The correlation parameters were dimensionless conduc-
tance C6/Ak and dimensionless contact load (W/AE)BT,.
The surface parameter § represented flatness deviation and
roughness deviation of both surfaces, and the apparent contact
pressure was made dimensionless with the modulus of elasticity
E. The mean junction temperature T,, was made dimensionless
with the coefficient of thermal expansion § for the material.
These parameters were found to correlate both high- and low-
mean-junction-temperature aluminum, stainless steel, brass,
and magnesium experimental conductance data [32] on one
dimensionless curve.

An analysis of some selected data (both ground and sanded
surfaces [18, 32]) in terms of the present correlation parameters

? Associate Professor, Mechanical and Aerospace Engineering
Department, Rutgers University, New Brunswick, N. J. Mem.
ASME.

280 / aucusT 1972

Copyright © 1972 by ASME

indicated the probable importance of mean junction temperature
to the correlation of thermal-contact-conductance data. Al-
though these data demonstrated reasonable agreement, lower-
temperature data for the same surface contacts and apparent
contact pressure were further removed from the correlation
curves. It would appear, then, that the inclusion of the effect
of mean junction temperature would lead to even more successful
correlation parameters.
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30 Laming, L. C., “Thermal Conductance of Machined Con-
tacts,” International Developments in Heat Transfer, ASME, New
York, N.Y., 1963, pp. 65-76.

31 Hsieh, C. K., and Touloukian, Y. S., “Correlation and Pre-
diction of Thermal Contact Conductance for Nominally Flat Sur-
faces,” Thermal Conductivity, Plenum Press, New York, N. Y., 1969,

32 TFletcher, L. 8., “Thermal Contact Resistance of Metallic
Interfaces: An Analytical and Experimental Study,” PhD disserta-
tion, Arizona State University, Tempe, Ariz., June 1969,

33 Fletcher, L. S., and Gyorog, D. A., “Prediction 6f Thermal
Contact Conductance between Similar Metal Surfaces,” Progress in
Aeronautics and Astronautics, Vol. 24, Heat Transfer and Spacccraft
Thermal Control, M.I.T, Press, Cambridge, Mass., 1971, pp. 273-
288.
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W. M. Rohsenow? and B. B. Mikic*

Dimensional analysis can lead to deceiving results. The
problem in this paper is that the quantities C' (= ¢/AT)and IV are
used as significant variables instead of h = C/A = (¢/4)/AT and
pressure p = W/A. The difference is the 4 in each denominator.
Surely ¢/4 and p are more appropriate quantities for this work
than g and W.

Using the quantities h, o, k, p, and M, dimensional analysis
leads to the groups

ho P

— and —

k M

equally valid from dimensional analysis, but much better physical
quantities. The mean slope Y is dimensionless, so dimensional
analysis cannot tell us where it belongs; however, the theory as
developed in the authors’ reference [10] leads to

ho nd 2
e 7}

which are the coordinates of Fig. 1

Using ¢ and W in Fig. 2 instead of ¢/A and W /A spreads data
for various test-sample sizes along the line, even though pressure is
the same. Note five-decade scales in Fig. 2 vs. three-decade
scales in Fig. 1. _

Note also that the effect of doing the dimensional analysis with
g and W is not only to remove 4 from each denominator, but alse
to put ¢ in the denominator of C/gk instead of the numerator
ho/ky where the analysis of reference [10] suggests it should
properly be.

We suggest the appropriate way to interpret contact-con-
ductance data is with the parameters of Fig. 1 and not those of
Fig. 2.

3 Professor, Department of Mechanical Engineering, Massa-
chusetts Institute of Technology, Cambridge, Mass. Fellow
ASME.

4 Associate Professor, Department of Mechanical Engineering,
Massachusetts Institute of Technology, Cambridge, Mass. Mem.
ASME.
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E. Fried®

The authors of this paper are to be commended for having
undertaken the tedious task of evaluating, redueing, and pre-
senting data of many investigators for the purpose of developing
a general correlation for thermal contacts in a vacuum. Having
attempted a number of such empirical correlations, this discusser
is aware of the difficulty inherent in such a task, especially if the
objective of such work is to provide results in a form convenient
for design engineers.

While Holm’s original work on electric contacts [36] has
provided the basis of a significant portion of the existing thermal-
contact literature, the reason for use of reference [12] in prefer-
euce to Tien [9] or Cooper et al. [10] to obtain the authors’ di-
mensionless conductance C* and load W* would be of interest to
many workers in this field. Holm’s objection to the use of nomi-
nal areas could readily be accommodated by converting the ex-
perimental data to conductance C and load W by multiplying
the appropriate terms by the nominal area before attempting the
correlation. This was, in fact, done when this discusser supplied
Holm with experimental data, when Holm prepared reference
[12]). Having attempted to use it, this discusser agrees with the
present authors that Holm’s correlation [12] is inconclusive and
not suitable for design applications.

This leads to the question of whether a suitable general cor-
relation of thermal-contact conductance exists or can be devel-
oped. The present authors have been able to correlate data for
aluminum joints and data for stainless steel joints, where the
slopes of the correlation are in good agreement but do not co-
incide. Correlations similar to these, but using Holm’s [36]
a-spots (@ = radius of contach spots) as the characteristic dimen-
sion in the dimensionless conductance number, have been pre-
sented by Hsieh and Touloukian [31] and Malkov [34]. Hsieh
in particular has utilized many of the experimental results cited
in the present work and in [1] and categorized them according to
ferrous and non-ferrous materials, wavy and nominally flat sur-
faces, and constant @ or variable @. Hsieh’s correlations also
show significant scatter, which indicates that there may be a miss-
ing parameter. Another general nondimensional correlation
which deserves citation is that by Fletcher [37], who utilized the
initial gap dimension as a characteristic dimension, in addition
to a nondimensional temperature. This correlation had remark-
ably limited scatter and was the only correlation to consider
interface temperature explicitly.

At this point, it is of interest to consider the common features
of the present and all cited dimensionless correlations, They are,
with the exception of Fletcher [37], of the form (Conductance
Number) = Constant (Load Number)® but differ in the value of
the constant and in the value of the exponent n. Table 3 shows

5 Consulting Engineer, General Electric Co., Schenectady, N. Y.
Mem. ASME.,
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Table 3

Load-term

Conductance exponent

Reference term Load term  (approx.)
Authors C/ok W/aM 0.73
Tien [9] Co/vAk W/AM 0.85
Cooper et al. [10] Co/yAk W/AM (.99
Hsieh et al. [31] Ca/dk W/AM 1.0
Malkov [34] Ca/Ak W/AM 0.66

Assumption: 3 X yield strength = M.

typical forms of the nondimensional correlation terms used.
From this, it can be seen that the terms other than the load W
serve to “‘normalize’”’ the conductance C for different materials,
surface parameters, and physical properties. It is also evident,
as the authors state in their discussion, that present correlations
are either inadequate or that parts of the experimental data oh-
tained and used for these correlations are inadequately defined.

Additional References

36 Holm, R., Electric Contacts Handbook, Springer-Verlag, Berlin,
1958,

37 Tletcher, L. 8., Smuda, P., and Gyorog, D. A., “Thermal Con-
tact Resistance of Selected Low-Conductance Interstitial Materials,”
AIAA Jowrnal, Vol. 7, No. 7, July 1969, pp. 1302-1309.

Authors’ Closure

We regret that we were unable to discuss references {33} and
{35] as they did not appear until after our manuscript had heen
submitted. We agree with Fletcher and Fried that inclusion of
the mean interface temperature is likely to lead to a significant
improvement in correlation, though it is a parameter which is not
always readily available from published data. Fletcher’s use of
the elastic modulus in preference to the surface hardness is in-
teresting. We are now ourselves of the opinion that surface con-
tact in most engineering situations is elastic rather than plastic,
and of course the elastic modulus is a much more well-defined
parameter. We hope to repeat our present correlation with an
appropriate modification.

The dimensionless groups suggested by Rohsenow and Mikic
may well be more physically significant than ours, particularly for
isotropice surfaces. However, the point of our paper was really
to provide a useful, if limited, correlation using published experi-
mental data. Values of surface slopes have not hitherto been
quoted in the heat transfer literature as the necessary measuring
techniques have only recently become available and there are dif-
ficulties associated with their interpretation. It is not therefore
very convenient at present to use ho/ky as-a dimensionless con-
ductance. A more fundamental objection to the suggestion is
the difficulty of defining a unique value of ¥ for an anisotropic
surface,
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Heat Pipes in the Magnetic-Field
Environment of a Fusion Reactor

Heat pipes have been proposed for use in environments where there are strong magnetic
fields such as in controlled fusion reactors. The presence of a mugnetic field can in-
Jluence the performance of a heat pipe significantly, depending on the heat-pipe geomelry,
its ortentation in the magnetic field, the heat-pipe materials and fluid properties, as well
as the magnetic-field strength. A liquid-metal heat pipe, specifically designed to operate
in @ magnetic field, will employ a compound wick slructure with the optimum liquid-
flow passage size larger and the vapor flow passage proportionately smaller than for the
no-magnetic-field design.  The basic conclusion is that the presence of a magnetic field
always results in a lower maximum heat-flux capability, but the detvimental effects of the
magnetic field can be greatly veduced by using a heat-pipe geomelry optimized for opera-
tion in the specific magnetic-field environment.

Thermal
insulation

Introduction

HEAT prpEs have received a great deal of attention Vacuum wall coolant

in recent years for application in a variety of thermal devices in-
cluding advanced power systems. This particular study of heat
pipes in magnetic fields was motivated by an Imaginative ap-
plication of heat pipes in a conceptual design of a controlled
thermonuclear fusion power system [1].2

In a fusion power system, the hot fusion plasma would be in a
vacuum vessel but would be kept away from the walls by strong
magnetic fields (Fig. 1). As presently visualized, a substantial
Iraction of the energy release of the fusion reactions would appear
in the form of high-energy neutrons. The kinetic energy of these
neutrons would he converted into thermal energy in a moderator
“blanket’” of liquid lithium which would surround the plasma
just outside of the vacuum vessel. The neutrons would be slowed
down by collisions with the lithium nuclei, theveby transferring
the neutron energy to the lithium. The lithivun would be carried
in pipes to a steam boiler where it would act as a heat-transfer
medium to generate high-temperature steam for a steam power
plant.

Unfortunately, the neutrons deposit their energy very non-
uniformly in the lithium blanket. In fact, the energy deposition
falls off approximately exponentially with radial distance. In
order to ‘“smooth out’ this unfavorable power-density proﬁle,

Lithium -
moderator blanket

Vacuum

Fig. 1 Section through a fusion reactor looking along axis of reactor
(from Homeyer [2])

Werner proposed using heat pipes integrated into a specially
designed vacuum vessel [1]. A simplified schematic diagram of
this concept is shown in Fig. 2. '

The superconducting magnet coils used to generate the high-
strength magnetic fields must be outside the heavy neutron-flux
regions. As a result, they would have to be outside the lithium
blanket. This in turn means that the heat pipes would be inside
the magnetic-field region. Since it is well known from studies

! This work performed under the auspices of the U. S. Atomic
Energy Commission.

? Numbers in brackets designate References at end of paper.

Based on a paper contributed by the Heat Transfer Division and
presented at the Space Technology and Heat Transfer Conference,
Los Angeles, Calif., June 21-24, 1970, of THE AMERICAN SOCIETY
oF MEecrANICAL ENGINEERS as Paper No. 70-HT/SpT-10. Manu-
script received by the Heat Transfer Division March 26, 1970; re-
vised manuscript received December 2, 1970.
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of magnetohydrodynamic (MHD) flowmeters and MHD genera-
tors that there are pressure losses associated with the motion of
conducting fluids in magnetic fields, a study was undertaken
to ascertain the importance of the magnetic effects on heat pipes:

In the following sections, the important effects of the magnetic
fleld on the liquid-phase flow in the wick structure are discussed

Transactions of the ASME
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Thermal shield and magnet coil zone

Plasma zone

Fig. 2 Schematic of heat-pipe moderator blanket looking along axis of
reactor (from Werner [1])

first. It is shown that a magnetic field affects the performance
of a heat pipe most strongly when a component of the field is
perpendicular to the heat-pipe axis and an’electrically conducting
fluid is used along with a metallic wick structure. For this
situation there are three main effects of the magnetic field,
each of which increases the pressure drop in the liquid-phase
flow:

(a) Electrical eddy currents flow in the liquid in a plane per-
pendicular to the fluid velocity, causing thinning of the side-wall
boundary layers.

(b) The electrical currents of effect (a) are increased if the
wick walls are electrically conducting, resulting in a magnetic
body force in the liquid which opposes its motion.

(¢) Electrical eddy currents flow in “‘end regions’ in a plane
perpendicular to the magnetic field where the liquid enters or
leaves the magnetic field or where there are gradients of magnetic-
field strength.

Fach of these important magnetic effects is examined in turn
and generalized results for the various contributions to the pres-
sure drop are derived wherever possible. These results are then
combined with the vapor-pressure-drop equations to determine
the optimum heat-pipe geometry for a specific example. The
optimized design is compared to a conventional heat pipe operat-
ing in the magnetic field to show the enormous improvement in
performance possible with careful design.

In this paper, a conventional heat pipe means one with a simple

A more advanced heat-pipe design is one with a compound
wick structure such as a channel or groove covered on the inside
by a fine mesh or screen. The channel is of large hydraulic
diameter to reduce the liquid pressure drop while the screen has
as small a pore size as practical for efficient capillary pumping.

Sueh a compound-wick heat pipe will be referred to as a Type 1T
heat pipe.

Liquid-Flow Pressure Drop in Uniform Magnetic Field

The pressure gradient of an electrically conducting fluid flowing
transversely to a uniform magnetic field is a function of the duct
geometry, the ratio of wall to fluid conductance C, and the Hart-
mann number . These two important nondimensional param-
eters are defined as follows:

Tt

oL

H=wB ‘/‘_”2
Mo

where ¢y, and o, are the electrical conductivities of the liquid and
channel wall (including any contact-resistance effects) respec-
tively, wy is the half-width of the liquid-flow passage in the direc-
tion parallel to the magnetic field, ¢,, is the effective channel-wall
thickness, 7y is the liquid viscosity, and B is the magnetic-field
strength. The parameter C is a measure of the ease with which
magnetically induced currents can leak through the channel
walls; the wall current leakage is zero when C = 0 and increases
to a maximum as ¢ — o,

The Hartmann number H is essentially the ratio of magnetic
to viscous forces in the fluid. Tt is a measure of the strength of
magnetically induced current loops in the fluid. When H = 0,
we have the ordinary viscous incompressible boundary-layer
pressure drop; as H increases, the pressure drop increases as a
function of both H and C, as will be discussed in the following
paragraphs.

For flow between parallel plates, there is a simple analytical re-
lation for pressure gradient valid for all values of C and H.
Exact infinite-series solutions exist for other geometries (in par-
ticular circular and rectangular ducts), but these are cumbersome
to use. Fortunately, the pressure drop in these ducts may be
closely approximated by a simple empirical formula based on the
parallel-plate solution.

The pressure gradient of incompressible fully developed laminar
flow between parallel plates with a uniform transverse magnetic
field is derived in [3] and may be written

and

wick structure characterized by a single capillary pore size r;, and P = v ( _ @) _ H’tanh T n H:C 1)
will be referred to simply as a Type I heat pipe. Y dz H—tanh H 14 C
Nomenclature
a = heat-pipe dimension, see Fig. 7 gmax = maximum axial heat-flux density f = wetting angle
A = area in heat pipe p = fluid density
b = heat-pipe dimension, see Fig. 7 r, = capillary pore radius o = electrical conductivity
B = magnetic-flux density Re = Reynolds number Subscri
C = wall-to-fluid electrical-conduc- ¢ = wall thickness o “"P“h ] .
d=h tat,fxc.e 1'a§.io ) Fiz. 7 u = velocity in flow direction ca; ; csgitldlz]rl; © condenser
= heat-pipe dimension, see Fig. - . : ]
D, = hydraulic diameter v ve}ﬁij‘ffti Oﬁerpendlcular fo flow € = l?eat‘-plpe evaporator
g = acceleration of gravity = ¢h | half-width L = liquid
H = Hartmann number w=e ann('% a' Wt . tot = tofial )
j = electrical current density z = ﬂow—duecho.n coordinate u = uniform magnetic field
! = channel length 7 = surface tension v = Vapor
L = heat of vaporization Ap = pressure rise or drop w = wall
p = pressure € = void fraction || = parallel to magnetic field
P = dimensionless pressure gradient 5 = fluid viscosity 1 = perpendicular to magnetic field
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where 7 is the average fluid-flow velocity. The first term is just
the classical Hartmann boundary layer between insulated parallel
plates. The second term is the pressure drop due to the j X B
body force on the fluid.

The pressure gradient for incompressible fully developed
laminar flow in a rectangular duct with a uniform transverse mag-
netic field has been derived for the two cases C = 0 and C =
© [4,5]. The solution in each case is an infinite series.

A good approximation for the pressure gradient in rectangular
ducts is [6]

w)
Plt(ﬂppm) (H .

H?2 tanh H
")

" H — tanh 0

HxC
T @

wi
- P, H=0—=
3+ u< >+1+0

&

where P, (H = 0, w, /wy) is the ordinary laminar-flow pressure
drop. For example, P, (H = 0) is 7.11 for square channels and
3.0 for infinite parallel plates (w;/w) = «). This approxima-
tion is based on the idea that the two basic magnetic effects are
almost uncoupled and hence additive for rectangular channels
as they were for infinite parallel plates. For the parallel-plate
case, the first term of equation (2) yields the correct laminar in-
compressible boundary-layer pressure drop of P, = 3.0 as H — 0.

In order to obtain reasonably accurate results for the rectangu-
lar channels as H — 0, we have forced equation (2) to yield the
exact resuits at II = 0 by adding the second and third terms,
-3+ P, (H = 0, wj/wy). This empirical equation is also
exact for very large H and results in only modest errors for inter-
mediate H. For example, for ¢ = 0, the errors for aspect ratios
greater than 0.1 never exceed about 11 percent. For € = o,
the errors are almost an order of magnitude smaller. Exact
results for intermediate values of C reported by Chu [7] are also
well approximated by equation (2).

Equation (2) is also a good approximation for the pressure
gradient in a circular duct (for which P, (H = 0) = 8.0). An
exact solution based on an infinite series of Bessel functions has
been derived by Thara [8]. His results have not been recom-
puted, but based on numbers taken from his graphical presenta-
tion of the results the maximum error of our approximate formula
appears to be less than 10 percent.

There are several effects which equation (2) does not include,
such as wall roughness and mass addition and removal. In a
heat pipe, the liqguid-low channels are usually not smooth-walled
closed ducts. In a Type I heat pipe, the capillary pores may have
interconnections; in a Type II heat pipe, the flow channels are
covered with a layer of fine screen or mesh on one side. The effect
of wall roughness would result primarily in a modification of the
P (H = 0, w, /w)) term in equation (2).

The effects of mass addition to or removal from the liquid flow
should be small if ’

__ Pilrma Dy

Rez(radial) = &1
nL

In a Type I heat pipe, this condition is almost always satisfied
because of the extremely small hydraulic diameter of the capillary
liquid-flow channels. In a Type II heat pipe specifically de-
signed to operate in a high transverse magnetic field, the hydraulic
diameter of the liquid-flow passage and hence the radial Reynolds
number tend to be much larger. Consequently, the viscous and
momentum effects will both be important near the channel wall
which is porous. Further analytical work remains to be done to
evaluate the magnitude of the momentum effect, and certainly
experiments will be required to substantiate the results.

In addition to the above requirement for viscous-dominated
flow, it is also necessary to insure that the axial Reynolds number
everywhere be much greater than the radial Reynolds number.
This condition is easily met in the typical heat pipe everywhere
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except at the extreme ends of the pipe where the axial velocity
goes to zero.

In summary, we propose that equation (2) is an excellent an-
alytical approximation for the pressure drop in electrically con-
ducting fluids flowing in closed channels with conducting wallg
in the presence of a transverse uniform magnetic field. The only
restriction is that the flow be fully developed laminar and incom-
pressible. This condition is almost always satisfied in the liquid
flow of a Type I heat pipe because the axial Reynolds numbers
are less than the laminar—turbulent transition value of 2300, and
the very large length-to-diameter ratio insures that the flow-
development effects are negligible. In a Type IT heat pipe the
hydraulic diameter of the liquid-flow passage is increased such
that the condition may not be satisfied, at least for the no-
magnetic-field case. However, a strong transverse magnetic
field both increases the transitional Reynolds number {9} and
shortens the development length [10], so the fully developed
laminar assumption may still be valid. We shall assume equa-
tion (2) to apply for both types of heat pipes, with or without
magnetic fields.

Liguid Pressure Drop due to Magnetic-Field Gradients

The pressure drop of a conducting liquid at entry into and exit
from a transverse magnetic field is caused by 7 X B body forces
due to eddy currents which flow in the end regions in planes
perpendicular to the magnetic field [11, 12]. The eddy currents,
in turn, are driven by the electromotive forces in the end region
due to the finite V X (@ X B) where the magnetic-field strength
varies.

For the case of the fusion reactor to be considered shortly, the
heat pipes are envisioned as being completely within the uniform
magnetic field. The conventional end loss does not arise for this
case. However, there is a small loss associated with the addition
(or removal) of liquid due to condensation (or evaporation). Be-
cause of the variable mass flow, the liquid velocity will change
along the length of the heat pipe, assuming constant flow area.
This causes a finite V X (4@ X B) even when the magnetic-field
strength B is uniform. This nonuniform @ X B can drive eddy
currents analogous to those in the end regions. However, these
eddy currents should be very weak since the velocity and hence
@ X B decay slowly to zero over the entire length of the con-
denser or evaporator section.

Vapor-Flow Pressure Drop

The vapor flow in a heat pipe is characterized by mass addition
in the evaporator region and mass removal in the condenser re-
gion. The axial pressure drop in the vapor is the result of three
effects: the magnetic effects, the viscous effects, and the mo-
mentum effects due to mass addition or removal.

For the usual operating temperatures and pressures of heat
pipes using metallic working fluids, the magnetic effects on the
vapor-low pressure drop are negligible. The two remaining
effects due to viscosity and momentum changes are strongly
coupled in that the mass addition to or removal from the vapor
changes the velocity profile and hence the viscous shear at the
wall. The flow regime of primary interest for the application to
fusion reactors is the high-heat-flux regime. This implies that
the axial Reynolds number is above the turbulent-flow transition
value of about 2300 for most of the heat-pipe length and that the
radial Reynolds number is much larger than unity. In this
flow regime momentum effects dominate viscous effects.

There are some excellent experimental results in this flow
regime by Olson and Kckert [13] for turbulent flows in porous
circular pipes with uniform injection. Tests were run with both
fully developed turbulent entrance flows and flows with zer¢
entrance velocity at the upstream end (much like a heat-pipé
evaporator section). The pertinent results are summarized in
Fig. 6, which shows the nondimensionalized pressure gradient a3
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a function of the ratio of the local injection velocity at the wall
v, to the average local axial velocity @. For ratios of v,/ greater
than about 0.005, the pressure gradient is accurately represented

by
o _ _o (07) (L (2
2--o () () (%) ®

where (', is between 17.5 and 18.3, @(z) is the local average axial
{z direction) flow velocity, and v, is the uniform injection velocity
at the wall. Additional experimental data by Wageman and
Guevara [14] in closed-end porous tubes are available. Their
experiments were also run in the turbulent-flow regimes with
high radial Reynolds numbers and yielded a C, =~ 19.8 for uni-
form injection.

Wageman and Guevara also ran a series of experiments in the
turbulent-flow regime with uniform suction, which simulates the
heat-pipe condenser region.  They found a ¢, = 7.8 for this case.

An exact solution of the Navier—Stokes equations for the lami-
nar-flow case is given by Knight and McInteer [15]. In the
limit when the momentum effects dominate the viscous effects,
they find the following expressions for the axial pressure gradient
between semi-infinite parallel porous plates with uniform injec-
tion or suction:

injection:
dp B [ 1\ v,
T 2 ol B 4
dz ”(2)(1&)& o
suction:
dp- P42y 1 v,
= 8= ] =~ 4b
dz < 2 )D,, @ “)

[t is interesting to note that these theoretical solutions for laminar
flow yield results very close to the turbulent-flow experiments
{see Fig. 3). This tends to support the idea that at high radial
Reynolds numbers where momentum effects dominate, neither
the flow regime nor the channel shape are important in deter-
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mining the axial pressure drop. In order for momentum effects
to dominate, we require that Resuaay = (p,2,D,/7,) > 1.

In the following numerical examples we will use the results of
the turbulent-flow experiments to calculate the vapor-flow pres-
sure drop. The following pressure-drop relations are found by
integrating equation (3):

evaporator:
Cr ax?
Ap, = — ZPE L (pressure drop) (5)
16 A5 \?
Pyl — L
Atot
condenser:
C EX2 .
Ap, = + ‘l%’ —~——qinj—2— (pressure rise) (6)
Py <1 - L) L
Aot

where gmax s the maximum axial heat flux divided by the total
heat-pipe cross-sectional area, Aiw, and Ay is the liquid-How-
passage cross-sectional area. We will take Cpyp ¢ 20 and Cpo o

Heat-Pipe Application in Magnetic-Field Environment

Figure 4 shows the cross section of a heat pipe which might be
used in the blanket of a controlled fusion reactor (the reactor
axis is envisioned to be oriented in the vertical direction). The
purpose of the heat pipe would be to transfer heat radially out-
ward (out of the paper) from the inner zones of the blanket and
thus average the power density [1]. The applied magnetic field
is vertically upward as shown in the figure. The heat-pipe
axial-vapor-flow direction is out of the paper; the axial liquid
flow is into the paper. The dimension a is held constant at 1
em. Liquid and total cross-sectional areas are computed as
indicated in the figure.

The maximum fluid circulation in the heat pipe and hence the
maximum heat-transfer capability are calculated by requiring
that

|AP,] + |AP,| = APe, (")
where AP, is the pressure rise due to capillary pumping and
APy, and AP, are the pressure drops in the liquid and vapor,
respectively. The capillary pumping term may be written
27v cos 8
,

APcap = (8)

c

where v is the surface tension of the liquid, @ is the wetting angle
(taken to be zero on the basis of experiments on high-performance
heat pipes [16]), and 7, is the capillary pore radius. The liquid-
pressure-drop term AP, is found by integrating equation (2)
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Fig. 5 Performance of Type | and Type Il heat pipes with and without
an applied magnetic fleld; ¢ = 0.001

over the length of the pipe. For uniform heat addition and re-
moval (mass flow varies linearly with distance) this gives

Z max
|AP,| = __2_7’_1'9___“
2w)tprLeA 1./ Aot
H? tanh H w H2C
Hrtanh T o p (=0,
[H — tanh H 3+ ( o w||> + 1+ C’] ©

where € is the void fraction of the liquid-flow area (approaches
unity for a Type II heat pipe; less than unity for a Type I heat
pipe because of the capillary pore structure). The vapor-pres-
sure-drop term AP, is given by the sum of equations (5) and
(6). These relations are substituted into equation (7) and the
resulting equation is solved for gmax.

It is assumed in this solution that vapor and Liquid pressure
equality exists at the condenser end of the heat pipe. Thus,
equation (7) is written for the total length of the heat pipe. In
some cases this model can result in a caleulated value of p,/py, < 1
at the evaporator-condenser interface. This implies a meniscus
profile bulging into the vapor region. It is argued in {17] that
this result is unrealistic and that for these cases vapor and liquid
pressure equality should be assumed to exist at the evaporator—
condenser interface.  Then equation (7) is written for only the
evaporator portion of the heat pipe. Calculations were made for
this alternative model for the cases where it was appropriate, but
the effects on optimum A4 /A4 and maximum qmex were found
to be small. .

Numerical Example

Equation (7) has been solved for a series of heat-pipe designs.
These designs will be described and compared in the following
paragraphs. All the designs have the following characteristics
in common. They are assumed to employ sodium at 1000 deg K
as the heat-pipe working fluid. All the sodium properties (listed

in Table 1) were taken from [18], except for p, and v which were

taken from [19, 20] respectively. All heat pipes are assumed to
have a total length I = 1 m and a height in the B field direction
20 = 2 cm, see Fig. 4.

For the Type I heat-pipe designs, the simple wick structure has
a single average capillary pore radius r, = 0.01 cm. This wick
structure is assumed to have a void fraction ¢ = 0.8, but tor-
tuosity is neglected giving the flow passages an effective length of
1 m. The average aspect ratio of these liquid-flow passages is
taken to be unity, so the ordinary laminar-pressure-drop param-
eter P (H = 0) =~ 7.11, assuming roughly square flow passages.
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Table 1 Properties of sodium at 1000 deg K

Property Symbol Value

liquid density oL 780.0 kg/m?
vapor density Pv 0.0611 kg/m?
liquid viscosity nL 1.8 X 10~* newton-sec/m2
heat of vaporization L 4.07 X 10% joule/kg
electrical conductivity

of liquid s 2.5 X 10% mho/m
surface tension v 0.13 newton/m

For this fixed aspect ratio, the solution of equation (7) for gmay is
dependent only on the area ratio 4;/A, and not on the areag
themselves. The wick fills the area 45 = 8ab, shown as the
liquid-flow channels in Fig. 4.

In general, an optimum pore size exists for a Type I heat pipe.
For zero magnetic field it can be shown that for the present case

1— An/dwi\7*
Te(opt) = 0.00876 < AL/A(;M ) cm
which varies from 0.038 cm at A;/Awe = 0.1 to 0.0020 em at
A;/Awe = 0.9, The latter value is rather small for a practical
high-porosity capillary structure. For this reason and also to
simplify comparison with Type IT heat pipes, r, was held constant
at the intermediate value of 0.01 em. TFor the case of large mag-
netic field the mathematical optimum 7, is extremely small and
@max 8 very insensitive to off-optimum variations, so again r,
was held constant at 0.01 cm.

The performance of heat pipe Type Ia was calculated assuming
H = 0(.e., B =10). Ascanbeseen from the appropriate dashed
curve of Fig. 5, there is an entire family of designs for different
ratios A;/Aws. The optimum design, labeled point A, occurs
at an area ratio of 0.40 and yields a maximum axial heat flux of
2.85 kw/ecm?2

The performance of a second family of heat pipes, Type Ib, was
calculated including the magnetic pressure drop for B = 7 tesls
and a typical wall conductance ratio ¢ = 0.001. If the heat
pipe of point A is operated in this magnetic field it will have the
performance shown by point B on the second dashed curve in
Fig. 5. That 1s, for A/Awe = 0.40, the gm.x attainable drops
from 2.35 to 0.33 kw/cm? due to the magnetic pressure drops.
If the new optimum heat pipe with the larger area ratio of 0.75
is used, a disappointingly small increase in gmax to 0.54 kw/em?is
achievable (point C). The conclusion from this example is that
Type I heat pipes suffer extremely large performance penalties
when operated in strong magnetic fields, even when optimized
for these field conditions.

Type II heat pipes with compound wicks can reduce the effect
of the magnetic pressure losses significantly. For these heat
pipes, there are two liquid-flow channels with dimensions 2a X 2b
as shown in Fig. 4. The two liquid-flow channels are assumed
to be separated from the vapor-flow channel by screens with the
same effective pore size as the simple wicks of the Type I heat
pipes, namely r, = 0.01 em. (There is no optimum pore size for
a Type II heat pipe—the smaller the better. The value chosen
is a reasonable lower limit for practical high-porosity screens.)

The first family of designs, Type IIa, is for B = 0. TFor this
case, the aspect ratio of the liquid-flow passages is

The performance capability of the Type ITa heat pipes for At =
3 cm? is shown as the appropriate solid curve in Fig. 5. The
best B = 0 performance ocours at point D for the design with the
rather small A ;/Aw = 0.10 and yields 8 qmax =- 5.05 kw/cm?.
This is more than double the gmax for the best Type Ia heat pipe
(point A), and demonstrates that compound wick structures are
better than simple wicks even with no magnetic-field effects.

A second family of compound-wick heat-pipe designs was
caleulated for B = 7 tesla and ¢ = 0.001. (These are labeled
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Type ITb in Fig. 5.) If a heat pipe with the optimum 4 /A =
0.10 for the Type I1a heat pipes is operated under these B field
conditions, it yields the performance shown at point E, that is,
the ¢max is now only 1.15 kw/cm?, down by more than a factor of
four from the B = 0 performance of 5.05 kw/cm?

The optimum Type IIb design for operation in the magnetic
field (point F) has the larger area ratio of 0.40 and & gmex =
9.50 kw/cm?, which is over twice that obtainable from the
original Type ITa design for 4 ;/A o = 0.10 operating in the same
magnetic field (point E). We conclude that it is definitely
worthwhile optimizing a compound-wick heat pipe for operation
in strong transverse magnetic fields.

For B = 7 tesla, the spread between the gmax for the best
Type Ib heat pipe and the best Type ITb heat pipe is from 0.54
(point C) to 2.50 kw/cm? (point F), or almost a factor of five
difference in performance capability. On the other hand, for
B = 0, the best Type Ila heat pipe (point D) is only twice as
good as the best Type Ia heat pipe (point A). It is clear from
these calculations that it is even more important to use com-
pound-wick heat pipes in the presence of strong magnetic fields
than for applications with no magnetic fields.

It should be noted that the liquid Hartmann number for the
Type IT heat pipe with B = 7 tesla is 8250, so the contributions
of the first and last terms of equation (9) to the liquid pressure
drop far outweigh the contribution of the ordinary viscous effect
which depends on the aspect ratio. Therefore, the Type II
solutions for B = 7 are essentially functions of only 4 /At and
not the areas themselves.

However, there is a constraint on 4t due to the requirement
for self-priming of the wick if the heat pipe is oriented with respect
to the gravity vector as shown in Fig. 4. The requirement that
the total height of the wick, 2a, be wetted in a 1-¢ gravity field may
be stated

¥ cos 6

> prg2a

or, for this example,

0.68
Ap/ Ao

Aoy (em?) <

A large part of the magnetic pressure loss in the above examples
is due to the currents which return through the conducting wick
walls. As a result it would be highly desirable to use a non-
conducting wick structure if at all possible. The gains to be
made if €' can be made to approach zero are illustrated in Fig. 6.

A new family of compound-wick heat pipes, Type Ilc, has
been designed for ¢ = 0 and B = 7 tesla. The new optimum
isat A7/Aw, = 0.15 (point G), which is much smaller than the
optimum area ratio for ¢ = 0.001 (point F') because the magnetic
pressure losses are less severe. The improved gmax for € = 0 is
4.37 kw/em?, almost twice as large as the best ¢ = 0.001 value
of 2.50 kw/em2  We conclude that electrically insulating wick
structures can be very beneficial in strong magnetic fields.

It should be noted that if it were possible to utilize an elec-
trically nonconducting working fluid, the best performance of
the Type II heat pipes would be 5.05 kw/cm? if the other fluid
Properties remained the same (point D in Fig. 5). That is, a
tonconducting working fluid suffers no magnetic pressure losses
even if the wick is electrically conducting. However, a non-
conducting wick structure can yield a gmax = 4.37 kw/em? (point
&) even with our electrically conducting working fluid (sodium).
Consequently, if we are forced to use metallic working fluids, the
effort should be toward developing insulating compound wick
structures which permit almost as high a gmex capability in high
Mmagnetic fields as is obtainable in zero magnetic fields.

As a final example of the detrimental effects of electrically
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Fig. 6 Performance of Type Il heat pipes with a strong applied magnetic
field (B = 7 tesla) for various wall conductance ratios

conducting wicks, the additional case of ¢ = 0.01 (Type 1Id
heat pipes) has been plotted in Fig. 6 to show the trends. If
the wick is this highly conducting, the best possible performance
occurs at point H for A;/A e = 0.70, and only yields & gmax =
0.77 kw/cm?2. ~ Once again it is clear that small electrical con-
ductivity of the wick structure (i.e., small C) is an extremely
important goal for heat pipes using metallic working fluids and
designed to operate in strong magnetic fields.

Gonclusions

The presence of a magnetic field can have a profound effect
on both the optimum design and the ultimate performance
capability of heat pipes. The following four points must be
considered in the design of heat pipes for operation in environ-
ments where there are strong magnetic fields:

(a) If at all possible, the heat-pipe axis should be aligned
with the magnetic field, or an electrically nonconducting heat-
pipe working fluid should be used. Either of these solutions
will completely eliminate the magnetic pressure drop in the heat-
pipe liquid flow.

(b) If neither of these ideal solutions is possible, then the
magnetic losses may be minimized by using a wick structure
with as small a wall electrical conductance as possible. Example
calculations show that a factor of five increase in heat-transfer
capacity can be realized by decreasing the ratio of wall to liquid
conductance C from 0.01 to zero.

(¢) 1In all cases (including no magnetic field) the heat-transfer
capacity may be increased by using a compound wick structure
with large liquid-flow passages to decrease liquid pressure drop.
However, the advantage of the compound wick becomes greater
with increasing magnetic-field strength. Example calculations
show that a compound-wick heat pipe can have five times the
heat-transfer capacity of a simple-wick heat pipe for B = 7 tesla.

(d) In all cases substantial gains in performance may be
realized by optimizing the liquid—vapor area apportionment in
the heat pipe for the particular magnetic field to be encountered.

In summary, the optimum design for a heat pipe using an
electrically conducting working fluid and operating in a strong
transverse magnetic field will employ a compound wick structure
of as low an electrical conductance as possible. Calculations
show that heat pipes with ¢' = 0.001 can have maximum axial
fluxes in excess of 2 kw/em? even in the presence of transverse
magnetic fields as strong as 7 tesla.
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Radiation Energy Density and Radiation
Heat Flux in Small Rectangular Cavities

The present paper tnvestigates the impact of one or move small cavity dimensions on the
radiation energy density and radiation heat flux in rectangular metallic cavities. The
emphasis of the present analysis is the exact treatment of the modal structure of the elec-
tromagnetic field in a smoll cavity in determining the properties of the thermal vadiation
field in the cavity. The excitation spectrum of the modes is assumed lo be given by the
Planck distribution function. - The Poynting theorem is invoked tn order to determine
the radiative heat flux absorbed by the walls from the radiation in the cavity. Variation
of the dimensions of the rectangular cavily allows the effects of cavity size and shape on
the radiant energy density and radiant heat transfer to be assessed, particularly in several
interesting limiting cases. It is found that significant deviations from the classical
theory occur whenever any of the cavity dimensions satisfy the inequality IT < 1 cm-deg
K. Itis further found that, when two or more of the cavity dimensions satisfy the above
inequality, the radiant energy density and radiant heat transfer ave significantly re-
duced in comparison to the results of classical theory. However, when only one dimen-
sion is limited, as in the case of a closely spaced parallel-surface geometry, the radiant
energy density and radiant heat tmnsfer are significantly increased compared to the
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classical theory.

Introduchon

THE CLASSICAL analysis of the radiation density and
radiation flux in cavities proceeds from the determination of the
discrete spectrum of the normal modes of the electromagnetic
field in a cavity with perfectly conducting walls and thence the
direct, passage to the continuum limit to define the density of nor-
mal modes on a spectral basis. The excitation ‘spectrum of the
normal modes at a given cavity temperature is determined by the
Planck distribution function. The spectral energy density in the
cavity is given by the product of the spectral modal density and
the Planck distribution function. Using this expression for the
spectral modal density, the total energy density, spectral radia-
tion flux and total radiation flux in the cavity, and the spectral
and total radiation fluxes absorbed by lossy cavity walls are de-
termined. These classical expressions for the radiation density
and radiation transport properties are valid providing that the
necessary conditions for the passage to the continuum limit are
satisfied. If the spectral properties of the thermal radiation are
required, the conditions that must be satisfied for passage to the
continuum limit are that the spectral mterval of concern satlsfy
the inequality

é)l<<1
A

Contributed by the Heat Transfer Division and presented at the
ASME-AIChE Heat Transfer Conference, Tulsa, Okla., August 15—
18,71971. Manusecript received by the Heat Transfer’ D1v1310n April
20, 1971; revised manuscript received Beptember 28, 1971. Paper
No. 71- HT 16,

Journal of Heat Transter

Copyright © 1972 by ASME

and that the cavity dimensions satisfy the inequality

A
'l—<<1

For the total radiation properties the condition that must be
satisfied for a valid transition to the continuum limit is that

A
’l“<<1

where A refers to the principal wavelength having a significant
contribution to the energy density, i.e., those wavelengths for
which the Planck distribution function has any significant con-
tribution. Recently several papers have appeared analyzing
small spacing effects on radiative heat transfer between metal
surfaces at low temperature [1-3]. 1In all cases the continuum
limit for the density of normal modes was utilized even though
the conditions for its application were violated. These previous
analyses are further suspect since they assumed as a point of de-
perture a radiant intensity in the metal based on the Fragstein
model [4]. Rytov [5] has shown that the Fragstein model is in-
correct and has further placed the theory of the thermal radiation
characteristics of metals on a rigorous foundation. The present
analysis is the first in a series of three papers intended to place
the theory of radiation heat transfer in small cavities on a solid
theoretical foundation. Here the effect of the cavity size on the
energy density and the radiation heat flux to the cavity walls due
to traveling waves will be analyzed for an isothermal cavity.

! Numbers in brackets designate References at end of paper.
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The Hagen—Rubens approximation is used to describe the absorb-
ing characteristics of the cavity walls simply to illustrate that the
effect of cavity size on the heat transfer to the walls is determined
primarily by cavity-size-effect-induced changes in the radiation
energy density in the cavity. The second paper [6] will consider
close spacing effects on the heat transfer between metal surfaces
at low temperature due to traveling waves. Here the anomalous
skin-effect theory will be used to describe the absorption charac-
teristics of the surfaces. A comparison of the results of this
analysis to analogous results in the present paper will show that
the ratio of the heat flux to the walls in a large cavity to that in a
small cavity in the same wall material is almost independent of
the model used to describe the absorption characteristics of the
walls. This result justifies the use of the Hagen—Rubens ap-
proximation (in the present paper) to describe the wall absorp-
tance in order to describe cavity size effects on the heat-transfer
characteristics in a nondimensional framework. The final paper
[7] in this series will consider the contribution of near swrface
waves as well as traveling waves to the heat transfer in metal
cavities at low temperatures and is based on the rigorous descrip-
tion of the thermally induced electrodynamics of metals devel-
oped by Rytov. Thislatter analysis provides results for the trav-
eling-wave contribution which are identical with the present
theory. i

In the present paper the impact on radiative heat-transfer
effects due to the limited number of normal modes of the radiation
field in rectangular metallic cavities is investigated. Case and
Chiu have already shown that for a small cubical cavity the radia-
tion density departs substantially from its classical value [8].
In the present analysis, the cavities are assumed to have walls of
high conductivity so that the modal structure is not compromised
by the presence of strongly absorbing walls. The excitation
spectrum of the modes is assumed to be given by the Planck dis-
tribution function. The Poynting theorem is invoked in order
to determine the energy absorbed by the walls from the radiative
field in the cavity. Variation of the dimensions of the rectangu-
lar cavity allows the effects of cavity size on the radiant energy
density and radiant heat transfer to be assessed, particularly in
several interesting limiting cases. These limiting cases include the
cubical cavity of small dimensions, a rectangular cavity of two
small dimensions, and the cavity of one small dimension. This
latter case passes in the limit to an infinite-parallel-surface
geometry. Generally, it is found that significant deviations
from the classical expressions for radiant energy density and
radiant heat transfer occur whenever any of the cavity dimensions
satisfies the inequality IT' < 1 cm-deg K, where T is the cavity

structure, the heat transfer departs substantially from the classi-
cal value for I < 3\,. In the present analysis, it is found that
when two or more of the cavity dimensions satisfy the above in-
equality, ie., (T < 1 em-deg K, the radiant energy density and
radiant heat transfer are sharply reduced in comparison with the
results of classical theory. However, where only one dimension
is limited, as for example in the case of a closely spaced paralle]-
surface geometry, the radiant energy density and radiant heat
transfer are sharply increased as compared to the classical theory.

Normal Modes of the Radiation Field

Consider the eigenvalues and eigenfrequencies of the electro-
magnetic field in a vacuum region totally enclosed by rectangular
conducting walls [9, 10]. The field equations in the cavity are
given by

(V2 + k) {g} =0 (1)

where k? := w?/c%. If I, &, and [; are the dimensions of the
cavity, the it can be readily verified that the electric-field com-
ponents ar

E, = Ky cos ky sin kyy sin kgze —jwt
E, = Eysin ky cos kay sin ksze —jest (2)
E; = Eysin K sin key cos kyze ~7¢

where the eigenvalues of the separation parameters needed fo
satisfy the boundary conditions are

’IL17I"

where n, ns, and ny are integers.
are given by

Lo el(B) G ()]
c? L by ls

It is clear from equations (2) that at least two of the integers ny,
ng, and n; must be nonzero in order to have nonvanishing fields.
The magnetic fields obtained by use of the Maxwell equation V X
E = jwB automatically satisfy the proper boundary conditions,
and are seen to be in time gquadrature with the electric fields.
This allows the sum of electric- and magnetic-field energies in the
cavity ‘to remain constant although the two terms fluctuate
separately.

The allowed eigenfrequencies

temperature. This means that due to the graininess in the modal There are, in general, two linearly independent electric-field
Nomenclature- .
KTl l by Planck distribution func- Am wavelength of maximum spec-
= the 0.404 <~ P nondimen- tion tral radiant intensity as
sional length P(w) = Poynting flux per mode, given by Wien displace-
¢ = velocity of light, em/sec _ w/em? mei“" law = 2898 X
E = electric-field vector P = total Poynting flux, w/cm? 10-Y/T, cm
E, = electric-field vector polarized Py = total Poyntin.g flux to wall in e magnetic permittivity of free
in plane of incidence infinite cavity, w/cm? space, henry /cm
E, = electric-field vector polarized ﬁ(:,)’ f teI;‘Pemt(‘;;z»S i%eg Ker mode ¢ = azimuth
normal to plane of incidence w) = energy yop ’ electric resistivity of wall,
J/cm? P h
— b b _
ﬁ = Planck.s constant /2w, J-sec U = total energy density, J/cm? (;KI:l cm
H = magnetic-field vector U, = energy density in an infinite jn 8 — Stefan—Boltzmann
2z, 3y, 4. = unit vectors defining coordi- cavity, J/cm? 15¢%h3
nate axes V = cavity volume, cm? constant with respect to ra-
_ k or . 126w diant energy density, J/cm?
ko= m—)\* = electromagnetic- alw) = 2 \/_’_ = spectral absorp- deg K+
o . , . ..
field propagation vector, tance of cavity wall g electric conductivity of wall,
' em™t ¢ = electric permittivity of free mlfo/ cm
K = Boltzmann constant, J/deg K space, farad/cm 0 = colatitude
! = length of cavity wall, cm A = wavelength of electromag- w = angular frequency of electro-
p(w) = occupation probability given netic wave, cm magnetic field, see™*
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Fig. 1 Energy density in a cavity as a function of cavity size and tem-
perature

vectors for each frequency eigenvalue corresponding to two
allowed polarization states. For each of these polarization states
the magnitude of the various electric-field components appearing
in equations (2) are not independent but satisfy the divergence
conditions V-E = 0, which can be rewritten as

klEl + k2E2 + kgEg = 0 (4)

The total field in the cavity is a sum over all possible modes of
vibration, with intensity factors that depend on the method of
excitation. TFor the thermal radiation field in a cavity the in-
tensity factor is determined by the occupation probability given
by the Planck distribution function [11].

1

P o Gi/KT) — 1 ®

Energy Density in a Cavity. The total energy density in a cavity
is given by a sum of the average energy per normal mode fwp(w)
over all the allowed normal modes of the cavity; p(w) is the Planck
distribution factor defined in equation (5). Thus, the energy
density can be written nondimensionally as

0 _15 1
Uo 47 aiasts
= (/o + net/ar? + ng/as®)'?

x >/ (6)

ni, Ny, N3=®

exp (m/m? + nat/ag® + ne/ag?)'’t — 1

_ KTk

i
Thic

where U, is the energy density in a eavity of infinite volume.
The prime on the summation occurring in equation (6) and subse-
quent summations indicates that no more than one of the summa-
tion indices is simultaneously zero.

The effects of cavity size on the radiant energy density based on
equation (6) are depicted in Fig. 1. It should be noted that size

Journal of Heat Transfer

effects are not important until any one of the a values is less than
unity. Since ¢ = 0.4041/M\,., and from the Wien displacement
law AT = 0.2898 em-deg K, we have that a value of @ = 1 cor-
responds to a wall-dimension-temperature (I7') product of 0.725
em-deg K. Thus the numerical value of a approximately defines
the corresponding value of the IT product expressed in units of
em-deg K. For a cubical box, as the a parameter is lowered,
either through reduction of the size or wall temperature of the
box, the energy density.in the cavity tends to vanish as a becomes
smaller than 10~1. The same conclusion also holds for a cavity
of two small dimensions and one large dimension. If the a
parameters associated with the two small dimensions drop below
approximately 10~! while the other ¢ parameter remains large,
i.e., a > 1, the radiant energy density in the cavity still vanishes
in a fashion similar to that of a cubical box, albeit in a slower
fashion. On the other hand, if two of the dimensions remain finite
as the other dimensions are reduced, as in a parallel-plate ge-
ometry, the energy density vises drastically as the small dimen-
sion tends toward zero. In Fig. 1 this latter effect is shown par-
ticularly for a square cavity with one small dimension. As the
large dimensions of the box tend toward infinity, the energy
density approaches the asymptote given by U/U., = 0.184/a; as
a function of the small dimension of the box; this is shown in Fig.
1. For the square box with one small dimension, say a;, then the
only significant contribution to the radiant energy density accord-
ing to equation (6) is for n; = 0. Hence, in this limit, equation
(6) reduces to

o_15 12
ﬁw - 478 a1a23

(ng? + n3z)1/2
exp [(na? 4 na?)'/2/as] — 1

(7

n2, N3=®
n2, 1370

Evaluation of the sum in the above equation using the Poisson
summation formula [12] yields in the first order for small values of
a1 the following relationship:
U 184 x 107t 7.9 X 10
ﬁm - ay

8

a1

From equation (8) it follows that for infinite parallel metal sur-
faces, i.e., a2 = a3 — o, the radiant energy density at small spac-
ing distances, i.e., a1 << 1, departs from the classical value as
U/U, — 1.84 X 107%/a;. This asymptote is shown in Fig. 1.
This means that in the case of closely spaced metal surfaces of in-
finite extent, the modal density corresponding to long wavelengths
exceeds the classical expression for the density of normal modes
in the continuum limit for the electromagnetic radiation field.
The physics underlying this behavior will be discussed in the last
section of this paper. Where the other dimensions are finite, i.e.,
ay and a3 % 0, then the expression for the energy density departs
from this asymptotic limit. In particular, when g = a3, equa-
tion (8) indicates to the first order the departure for finite surface
dimensions of the expression for the energy density from that for
infinite parallel surfaces. Equation (8) is consistent with the
degree of departure for the data for ¢; = a3 = 1.38 shown in Fig.
1 for small values of @ from the asymptotic limit of infinite sur-
faces. However, equation (8) does not extend as far as the case
az = a3 = 0.138, data for which are also shown in Fig. 1. For
the case of the cubical cavity, equation (6) reduces to

(m? + m? + ng?)"/?

o l2x 10 &

E/

S

a* n1, Ny, Ne= — ® exp [(m? 4+ n,? n32)1/2/a] -1
(9)
For a; < 107, this above expression reduces to
U 51X 10~
L~ 5.1 X 1072 g—1.41/a (10)

Uw at

This expression closely fits the more exact numerical results de-
veloped in Fig. 1 for the case of the cubical cavity for small
values of ¢. Returning to equation (6) for the cavity of one large
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dimension, we let a; and a; tend toward zero with a; = a,, while
keeping a; finite, i.e., a; > 1; then for the limiting case we choose
terms from equation (6) for which n; # 0. Further, the principal
contribution for these latter parameters will be limited to n; =
Florn, = 1. Thusequation (6) reduces to

U 15 = I AL

e —1/a1 el e — |na|/as 11

U, 7hailas ¢ n3=2—w m? + a?i ¢ (b
na#= 0

Since a; is of ‘“reasonable’’ size, in order to assess the value of this
latter sum it is necessary to carry out the summation in a com-
plete fashion. Utilizing the Poisson summation formula for
evaluation of this sum, the following asymptotic expression
results:

. 9.66 X 10

e—l/m
a®

(12)

gq‘l S

Heat Flux Absorhed hy a Cavity Wall,

Now that we have established the magnitude and the behavioral
characteristics of the radiation energy density in small cavities
as a function of cavity size and shape, we turn to the question of
the radiation flux absorbed (or equivalently, emitted) by the
cavity walls. In order that the presence of absorbing walls does
not modify the structure of the normal modes appreciably, we as-
sume that the spectral-absorption coefficient a(w) of the walls is
low, i.e., the walls have a high conductivity. We will, in fact,
utilize the Hagen—Rubens approximation to describe the spectral
absorption of the walls, i.e.,

olw) = 2‘/26?’
[

To find the power loss from each mode to a cavity wall, we
must compute the time average of the Poynting flux correspond-
ing to this mode over the area of the wall. The Poynting flux is
given by [13]

(13)

L fmo
T2 Yoo

Hn (14)

where Hin is the crest value of the tangential component of the
magnetic field at the surface. The magnetic-field vector is related
to the electric-field vectors [see equations (2)] through the Max-

— 1 .
well equation H = m V X E. If we take the cavity wall on

which the power lossis to be evaluated to be the y—z plane at = =
0, then the tangential components of /T are given by

- 1 lYR OF; OF, ok,
Hum = 15, (22 Z 280\ | (2B _ 2B\ gy
‘ jwu{”(-az ax)“(ax ay)’ (15)

and utilizing equations (2) in equation (15), it follows that

Hio* H*an =

e [(k3B1y — kiE3)? sin? kyy cos? kaz
+ (kuEa — koEro)? cos? koy sin? kgz]  (16)

The average value of the Poynting flux into the wall is therefore
given by

I3 Iz
P(w)—l‘/‘“" -1~f Fran H*an dyd
= 9 20" bl Jo 0 tan tan GYOZ

1
- 8wiu?

e
ot [(ksBro — FaBs)? -+ (krBa — k:Fr0)?]  (17)

This gives th> average energy flow into the wall at z = 0 per unit
area per unit time for a normal mode having the electric-field
components Eiy, Huw, By [see equations (2)] and a propagation
vector having components %, ks, k. Consider the coordinate
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system in which polarization states are referred to the plane de-
fined by the propagation vector % and the z axis. The electric-
field vector for one polarization state, f,, is defined to be norma]
to this plane, whereas the electric-field vector for the second
polarization state, E,, is contained within this plane. Substitut-
ing the components of the electric-field vectors and propagation
vector as defined by this coordinate system into equation (19),
the average Poynting flux for the two polarization states is given
by

. 1 M 1 .
= — . Fos\ 2,2
Pk = 5 Yoo zuma ul
S— (18)
_ 1 Hw 1 _ _
Plwy = 207 Tt | Eop|?| [
The spectral energy density associated with a given normal mode
is simply
1 € I3 |23 I8 _ _
Uw) =+ < {E|* + | Bl dedydz
V2 Jo Jo Jo

(19)

It

1 - _
& ellal + (Bl

where equations (2) have been used to evaluate the integral.
Further, the spectral energy densities associated with each polar-
ization state in the mode are equal; thus, we may write
1 1,
Ulw) = — eBu|? = — ¢ Fol? (20)
8 8
Now if we denote the average Poynting flux associated with a
given mode into the wall at « = 0 by P(w), then P(w) =
P(w)s + P(w),, and utilizing equation (13), equation (18), and
equation (20), we may write

Pl) = 5 (1 + kt/|f]ae)el(@) (21)

The total Poynting flux is simply the sum of the spectral Poynting
fluxes over the normal modes; using equations (6), (14), and (21)
this total Poynting flux is therefore given by

152—30

I3

© T8t Vo
X Zm:/ (m?/a® + na?/as® + na?/az?)"/4
n, ny, my= — @ SXP (m®/m?® + no?/as® + n32/a32)1/2 —1
+ z"’:, (m?/a®)(m?/en? + m?/an® + no?/ag) =/
mnn e — e €XD (Mar? + e/ na?/a2)'/? — 1

(22)

Q10a0s

Equation (22) may be written in complete nondimensional form
in terms of the parameter P/P,, where P,, is the radiant heat flux
absorbed by a wall in a cavity of large dimensions, ie., Pn =

4
0.766 L WTT;thus we have
P 0482
P, B [£21e2 705

X i’ (m?/a? + ma?/as® + ng?/ag?)"/*
ny, N2, N3= — © exp (m?/a:? + nZZ/aZE + nSB/a32)l/2 -1
n i, (m2/ax®)(n?/ar? + mat/an? + nat/as) "t
n1, noy ma= — o OXP (m?/a? + na?/a2® + "132/‘]'32)1/2 -1

(23)

The effects of cavity size on the radiant heat flux absorbed by
the wall are shown in Fig. 2. The data are presented in terms of

Transactions of the ASME

Downloaded 27 Dec 2010 to 194.27.225.72. Redistribution subject to ASME license or copyright; see http://www.asme.org/terms/Terms_Use.cfm



-3 [ |
167 L - -
1073 1072 107! 10°
9

Fig. 2 Radiant heat flux to a cavity wall as o function of cavity size and
temperature

the nondimensional heat flux absorbed by the cavity walls P/P.,
as a function of the nondimensional cavity size. For the square
cavity with one small dimension, say a;, then the only significant
contribution to equation (23)is for n: = 0. Hence, in this limit,
equation (23) reduces to

_13_ 487 X 1073 { i (ne?/a® + ng*/ag?)"/s
2, amasts  \,, 2 exp (m?/a? 4 ng/as?)/ — 1
- ‘n2| a/1/‘123/z }
9 B L v M OV
7L2=Z_m exp [|ng/as] — 1 (24)

where ¢z = a3 are the a values corresponding to large dimensions
of the cavity. Utilizing the Poisson summation formula, equa-
tion (24) reduces in the first order to

P 0115

0.0338
271221

(25)

For parallel metal surfaces of infinite extent, i.e., a2 > @i, this
provides the asymptotic limit for the radiant heat transfer for
small values of a,, i.e., a1 < 0.1 as P/P, =~ 0.11/a;. This limit is
depicted in Fig. 2 as the dotted line. For finite values of the
parameters a» and as associated with the major dimensions of the
cavity, equation (25) provides to first order a description of the
nature of the deviation of the heat transfer from that associated
with parallel surfaces of infinite extent.

Consider next a cavity of one large dimension. This dimen-
sion can either lie along the surface to which the heat flux is being
cormputed, i.e., & or I3, or may correspond to the dimension normal
to this surface, i.e., . We shall consider both these cases.
consider ay, i.e., ;, to be finite while a, and a;, with a; = a, are
allowed to tend toward zero. From equation (23) we note the
prineipal contributions come from terms for which n; # 0; also,
we should limit ourselves to terms for which either n, # 0 or
ng # 0, and here the principal contribution will be for ns = =1
and n; = = 1. Utilizing these assumptions and the Poisson
summation formula, to first order equation (23) becomes

Journal of Heat Transfer

First, .

_ (3.86 X 1072 193 X 10~

aZS.B

9.26 X 1077} ),
azl.Bal'L

&l

a®bay
(26)

Consider now the case in which g is finite (i.e., , is finite), a; and
as are small, and a; = @3. The principal contribution to the
radiant heat transfer will come from terms for which ny = 0 and
for which either ny 0 or ns 5 0; again the principal contribu-
tions for these latter factors can be limited to ny = +1andn; =
+1. TUtilizing these assumptions and the Poisson summation
formula, to first order equation (23) becomes

P 5784 x 10~2 2,892 X 102
e <____A,_ _ ___,__é_._> e—l/cu ©@n

I)cm (,7/13 b a2a13 R

Note that in equation (26) a; = a3 are the small dimensions of the
cavity, whereas in equation (27) a; = a; are the small dimensions
of the cavity., Then it is clear to the first order (ignoring a factor
of 1.5) that for a cavity of two small dimensions, whether both
small dimensions form the wall to which the heat flux is com-
puted or whether only one small dimension is along this wall, the
heat flux is almost identical in both cases.

Where all the cavity dimensions are small, i.e., a1 = a2 = @z and

ar — 0, the principal terms in equation (23) are for n, = =1,
ny = El,orn = £1,ny = =1, orng = =1, ny = *=1. TUnder
these conditions, equation (23) reduces to

P 9.8 X 102 _ 41

= & g o 28

N Y (28)

Discussion

We have considered the energy density and flux of thermal ra-
diation to the walls of small metallic rectangular cavities. The
agsumption of a cavity with metal walls of high conductivity was
made to insure that well-defined normal modes of the electromag- .
netic field constituting the thermal radiation field in the cavity
should be present. The principal point of departure in these
analyses from the classical blackbody radiation theory is the exact
treatment of the discrete spectrum of normal modes oceurring in
the cavity rather than passing to the continuum limit for the
density of normal modes as is done in classical theory. These
departures from the results of classical theory take place whenever
any one of the cavity dimensions satisfies the inequality {77 < 1
cm-deg K. This criterion can also be written in terms of the wave-
length of maximum spectral emission for classical blackbody
radiation as given' by the Wien displacement law. Then the
above inequality becomes I < 3\,,.

The total radiation energy density in a cavity is determined by
a sum of the average energy per normal mode fiwp(w) over the
normal modes of the cavity. The resulting expression for the
radiation energy density in a rectangular cavity is investigated
in several cases as one or more of the cavity dimensions tends
toward zero: the cubical cavity, the cavity of two small and one
large dimension, and the cavity of one small and two large dimen-
sions. The latter case is also considered where the two large di-
mensions tend to infinity; in this limit, it constitutes a two-di-
mensional infinite-parallel-surface geometry.

From equation (3), we have that the wavelength corresponding
to a particular normal mode is given by

2
‘\/71,12/112 + 71«22/122 + nsg/lsi

(29)

)\m,nz.ns =

and, further, the eigenfunctions for the electromagnetic field in
the cavity are restricted such that two or more of the integers ny,
ng, and ny must be nonzero. This means that for a cubical cavity
where I = l; = I, = l; the maximum or cutoff wavelength for the
cavity is given by Amax = v/2 1. Thus, to a first approximation,
the radiation energy density in the cavity may be computed as-
suming a continuum density of normal modes given by the Jeans’
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number with a cutoff wavelength of /2 I; hence,

0 ~ temne V7 A
v e 0 Nslexp 2mfic/ANKT — 1]

Y §idé
~ 15 X 10—2Uwf S B S
vija lexp £ — 1]

In the asymptotic limit where ¢ < 1, an integration by parts of
the integral in equation (30) results in the following expression:

(30)

1.5 X 102
B

at

U/U, ~ ~1.41/a (31)

This expression is in substantive agreement with the more exact
expression developed in equation (10). Again, for the cavity of
two very small dimensions (! = I, = [;) and one large dimension,
the cavity cutoff wavelength predicted by equation (29) is 21
Thus, one would anticipate 'an expression very similar to the
above for the variation in the energy density with respect to the
classical expression for the energy density, with the principal dif-
ference being that because of the difference in cutoff wavelength,
the argument for the exponential factor would be —1/a instead
of —1.41/a. The validity of these arguments is demonstrated in
the expression for the asymptotic limit for the energy density in a
rectangular cavity of two small dimensions given by equation
(12).

Now consider the radiant energy density in a rectangular cavity
having two large dimensions, I, and ls, and one small dimension, ;.
Assume further that the temperature of the cavity is such that
Am >> L. Under these conditions, it follows from equation (29)
that all modes for which n; ¢ 0 essentially do not contribute to
the thermal energy density since Anj,ngng € Am.  'Thus the modes
that do contribute to the thermal energy density under these
conditions are those for which n, = 0. There are a large number
of such modes, since for large values of I, and l; there will be a large
number of combinations of integers for which Ae,ngns = A,
Under these conditions, as the small dimension [, of the box tends
toward zero, the number and therefore the total energy asso-
ciated with these modes remains fixed, yet the volume containing
this total radiant energy decreases as ; and thus the correspond-
ing energy density increases as 1/l;.  Since the breakpoint for the
departure from the classical expression for the energy density
should occur where I} = A\, we should expect for small values of
Iy or a1 that

U — or ~ — Uy (32)

where we have utilized the Wien displacement law to arrive at the
final expression in equation (34). This latter estimate is in good
agreement with the exact expression given by equation (8) for the
asymptotic limit of the energy density between closely spaced
infinite metal surfaces. ‘
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To compute the net heat transfer to the cavity walls, the
Hagen—Rubens approximation has been utilized to illustrate
cavity size effects on the heat flux absorbed by the walls, The
power absorbed by the wall for each normal mode is computed
utilizing the Poynting theorem to compute the fraction of the
modal power flow to the wall that is absorbed by the wall. This
consideration none too surprisingly shows that the power absorbed
by the cavity wall for each normal mode is related in a simple
fashion to the modal energy density. This relationship is pro-
vided by equation (21). A sum of the power absorbed by the
wall for each normal mode over all normal modes results in an
exact expression for the total radiant heat flux absorbed by g
cavity wall and is given by equation (23). Since equation (21)
shows that the modal power flow into a cavity wall is related
directly to the modal radiant energy density in the cavity, it ig
clear that the total radiant heat flux to a cavity wall should
roughly reflect the cavity size effects on the total radiant energy
density. This is evident from a comparison of the results for
the cavity radiant energy density and the radiant heat flux to
the walls illustrated respectively in Figs. 1 and 2.
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Radiation Heat Transfer hetween Closely
Spaced Metal Surfaces at Low Temperature:

The Impact of Discrete Modes of the
Radiation Field

The present analysis shows that for closely spaced metal surfaces ot low temperature,
the heat transfer due to traveling waves greatly exceeds the results of classical theory.
The origin of this nonclassical behavior is due to the fact that for closely spaced metal
surfaces the density of normal modes of the radiation field greatly exceeds Jeans' num-

ber.

This higher modal density results in a greater than classical energy density in the
cavity and thus greater heat transfer.

The results of this theory are shown to be con-

sistent with the experiments of Domoto, Boehm, and Tien on heal transfer between
closely spaced metal surfaces at low temperatures,

Introduction

THIS PAPER investigates the effect of the discrete
modal structure on the propagating portion of the thermal radia-
tion field between closely spaced metal surfaces at low tempera-~
ture. Limiting the analysis to the propagating portion of the
thermal radiation field means that radiation tunneling (evanes-
cent wave) effects [1-3]* are neglécted. The analyses begin with
the spectral radiant energy density in a rectangular cavity as de-
veloped previously by Case and Chiu [4]. The Poynting theorem
is invoked utilizing the approximate expression of Domoto,
Boehm, and Tien for the spectral absorptance in the anomalous-
skin-effect (ASE) region [5] to compute the flux radiant energy
absorbed by a wall in terms of the spectral energy density in the
cavity. A summation over all frequencies of this latter expres-
sion provides the total radiant flux to a wall. In this expression,
two of the dimensions are then allowed to tend toward infinity;
the resulting expression represents the heat flux to the wall in an
infinite-parallel-surface geometry. From Kirchhoff’s law, this
latter expression also represents the heat flux emitted by the
surfaces. The results show that for close spacing of the two
surfaces, i.6., 47 < 0.1 cm-deg K, the radiant heat flux emitted
by or absorbed by the wall substantially departs from the results
of classical theory according to the following prescription:

! Numbers in brackets designate References at end of paper.

Contributed by the Heat Transfer Division for publication (with-
out presentation) in the Jourwan or Heat Trangrer., Manuseript
received by the Heat Transfer Division June 7, 1971, Paper No. 72-
HT-O.

Journal of Heat Transfer

Copyright © 1972 by ASME

_ 0.160
P/P, =
a
where numerically
a; = 1.38LT

if LT is expressed in units of em-deg K.

For metals at low temperature, the ASE theory prediets that
the spectral-absorption coefficient for a metal is approximately
temperature-independent. As a result of the temperature-inde-
pendence of the spectral absorptance, a simple relationship can be
derived for the net heat transfer between infinite metal surfaces
at different temperatures. It predicts heat transfer at small
spacing distances that is much greater than the prediction of
classical theory, and differs substantially from the results of
earlier wave-interference analyses [3] for the freely propagating
portion of the thermal radiation field.

The resulting expreéssions for the net heat transfer agree very
well with the measurements of Domoto, Boehm, and Tien [6].

Energy Density

The analysis of Case and Chiu [4] shows that the total spectral
energy density associated with both polarization states of a nor-
mal mode for thermal radiation in a rectangular cavity with per-
fectly conducting walls is given by

1 fiw

V) = 1 oxp #o/KT — 1 M

where the angular eigenfrequencies are determined by
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_ @m)e
A2

w2 (ni2/h2 4 na?/k? + na?/ls?) (2)
with 7, ns, and ns being integers varying from plus to minus in-
finity, but limited such that two or more of the integers cannot be
zero simultaneously. This latter restriction follows from the
fact that no normal modes of this cavity exist for which two or
more of the integers ni, ns, or ns are zero [7]. The total energy
density of the thermal radiation is given by a sum of the spectral

energy density over all the allowed normal modes. The resulting
expression for the total energy density is
g _15 1
ﬁm - 4qrs aQ1Q203
Ll [m2/ar® + me?/as? + ns?/as?]/?
X Z 2/02 2 /2 2 /2112 1 ®3)
s, na, e — 0 OXD [12%/01% 4 me?/a? 4 ma? e —

with a; = KTl;/nfic, and where U, is the energy density in a

cavity of infinite volume. The prime on the sum in equation (3)
indicates the restriction that two or more of the integers cannot be
zero simultaneously. If we let a; and a; tend toward infinity,
then ns/a: and ns/a; form a two-dimensional continuum and the
sums over 7z and 7; in equation (3) can be replaced by 1ntegrals
with respect to a two- dunensmnal Jeans’ number, i.e.,

@

>

— 2mmas fntdn*

N2, N3= — @
where
W= N
nz* = nz/az
n* = ng/a;

In this limit, equation (3) becomes?

15 1 ki « ndn 151
\expn-—l_ﬂ'“ a

e

2t
[3, (r + 1)2—1‘] + §<3>P<3)} (4)

lim
az, as—> o

g
.

n=—ow

(r 4 1)

A% 5

_m—l r=0

Equation (4) is convergent for values of a1 < 1; as such it covers
a range of values of a; extending from dramatically unclassical be-
havior of U/U., i.e., U/ U > 1 for a1 < 0.1, to where U/ U, enters

2 The sums have been written in terms of incomplete gamma func-

10

Q 101 e
1=
1 |
1078 1072 10 10°
2
1
Fig. 1 Energy density in a cavity as a function of cavity size and tem-

perature

the classical range, i.e., U//U, = 1for a; =~ 1. This behavior of
U/U, as a function of a; is shown graphically in Fig. 1. For
values of a; < 1, the energy density approaches the asymptote

U 1.84 X 10—

B A (5)

l]c,J a1
This latter result follows in an-obvious manner from equation (4).
The explanation of this behavior results from the fact that for a
cavity of one limited dimension, the modal density of a low fre-
quency exceeds that given by the three-dimensional Jeans’ num-
ber. This characteristic of the modes in a cavity of one limited
dimehsiqn has previously been investigated [8].

To understand this behavior, consider the energy density in a
rectangular cavity having two large dimensions, I, and I, and one
small dimension, l;. Assume further that the temperature of the
cavity is such that A, >> li.  As previously stated, the eigenfunc-
tions for the electromagnetic field in the cavity are restricted
such that two or more of the integers n1, ns, and n; must be non-
zero. Under these conditions, it follows from equation (2) that
all modes for which n; # 0 essentially do not contribute to the
thermal radiation density since Anynpms << Am.  Thus the modes
that do contribute to the thermal radiation density are those for
which n; = 0. There are a large number of stich modes, since for
large values of l; and Iy there will be a large number of combinations
of integers n, and ny for which Ao,ny,ns = Am.  Under these condi-
tions, as the small dimension k of the box tends toward zero, the
number and therefore the total energy associated with these modes
remains fixed, yet the volume containing this total radiant energy
decreases as [; and thus the corresponding energy density increases

tions since they are available in most computer-tape libraries. as 1/L. Since the breakpoint for the departure from the classical
Nomenclature
“ KTl 0.404 l nond Rg = metal skin resistance A = wavelength of electromagnetic
= — = 0. — nondimen-
whe Am T = temperature, deg K wave, cm
sional length U(w) = energy density per mode, J/cm? I' = gamma function -
¢ = velocity of light, cm/sec U = total energy density, J/em? i = magnetic permeability of free
e = electronic charge, coulomb - ey . space, H/cm
E = eloctric-field vector U. = energy density in infinite cavity, T4 3m \V/+
e 3 : - .
# = Planck’s constant /2, J-sec /J/cm g ional Fermi vo=v [@(Neht) :|’ nondimen-
7 — : . # = w/c, nondimensional Fermi ve-
H = x;c}ag;etlc-ﬁeld vector 12) ity : sional frequency
k= m;\f = electromagnetic propa- » = Fermi velocity, em/sec v frequency Sxf electromagnetlc
gation vector, cm—! V = cavity volume, cm? wave, ;;c /s
K = Boltzmann constant, J/deg K aa(w) = mnormal spectral absorptance of ol a’ l: (N l:) ], nondimen-
I = length of cavity wall, cm cavity wall 1 ¢ ductivit
m = electron mass, kg e = electrical-capacitivity free space, , Slor}a conauc 1\_71 .y
N = electron density, ¢/cm? F/em o’ = electrical conductivity, ohm-cm
P(w) = Poynting flux per mode, w/cm? Am = wavelength of maximum spec- g Stefan—Boltzma;nn constant,
P = total Poynting flux, w/cm? tral radiant intensity as given w/em?-deg K
P., = total Poynting flux to wall in in- by Wien displacement law = w = angular frequency, sec™!
2.898 X 1071/T, em { = Riemann zeta function

finite cavity, w/cm?
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expression for the energy density should oceur where ; = A, we
should expect for small values of /; that

_ ~ Am -
U=~ 0,2
h
or
04
U~ U, — (6)
ap

where the Wien displacement law has been used to arrive at the
final expression in equation (6). This latter estimate is in good
agreement with the exact expression given by equation (5) for the
asymptotic limit for small ; of the energy density between closely
spaced infinite metal surfaces.

Radiant Flux Absorbed by a Cavity Wall

Lquations (1) and (2) describe the spectral characteristics of
the energy density in a cavity with perfectly conducting walls.
The next step is to caleulate the spectral radiant flux to the walls

_ . 15 ol =,
P =Y Bw)=85x107 —.— 3
w 471— 1203 N1, N2, N3= — ®©

Previous analyses [8] using this starting point have shown that
the spectral Poynting flux into the walls is related to the modal
energy density through the equation

" i _

Pw) = (1 + b*/[Eew)eU(w) (11)
where k, is the component of the propagation vector normal to the

wall in question.. Domoto, Boehm, and Tien have shown that in
the ASE regime the absorptance of a metal surface is given by [5]

an(?, T) = 7 (3 + ﬁ) {1 ~ exp [—3@)%]} (12)
4 a 2 ]

At low temperature for most metal_s of interest v/3/F <« 34
Further, taking Pippard’s ‘“standard metal” (N = 6 X 1022
e/em3, v = 1.40 X 10% cm/sec)? [9], we have at low terperature

an(w, T) =~ 3.5 X 107°{1 — exp [—9.47 X 10~%"/1]} (13)

Utiﬁzing equations (1), (11), and (13) we have for the total
Poynting flux into the wall

{1 — exp [—2.44 X 1072T%(m?/a:® + na?/an® + ns?/as?)"/}}

(m?/a? + nafa? + ngt/as®)? 4+ (m¥/a?Xm/m? + nat/a? 4 ngt/as?) ~'/
exp (na?/m? + ne?/as® + nat/agt)? — 1

where the walls have a finite, but large, conductivity. In this
case, as is done in microwave practice, the modal structure in the
cavity is assumed, to a first approximation, to be the same as
that in the case of a perfectly conducting or lossless cavity. The
Poynting flux to the walls is then determined in the following
fashion. For perfectly conducting walls, the magnetic com-
ponent of the electromagnetic field has an antinode at the walls
and is responsible for a surface curfent

AaX A=K

For a finite, but large, surface conductivity, the magnetic field at
the wall will still have, to a high degree of approximation, the
same value and the above expression will hold for the surface
current. But now, due to the resistance of the walls, there will
be an average power loss per unit area to the walls given by

1 _ 1
P, = 35 ReffR|K|%dS = 25 ReffSRs|Hian|? dS (7)

The surface resistance Ry is related to the spectral absorptance of
the walls through the equation

_ 1 e '8
33_4‘/:a(w) 8)

If we take the electric-field vectors for the normal modes in a rec-
tangular cavity, they are given by [7]

E, = E c08 kur sin Iy sin lkgze 7ot
E,
E;

Ey sin bz cos key sin kaze ~7wt (9)

Ey sin ke sin kay cos kgze ™79¢

1

where the eigenvalues of the separation parameters needed to
satisfy the boundary conditions are ki = mw/lL, ky = ngr/l, and
ky = ngw/l;. The magnetic-field vector is related to the electric-
field veetor through the Maxwell equation H = (1/jop)V X E.
If we take the cavity wall in which the power loss is to he eval-
uated to be the y—z plane where z = 0, then the tangential com-
ponent of A is given by

— 1 Y OF; oK, oE,
Han = T z - Az - T
o o {” ( o ax) + (ax ay)} (10

Journal of Heat Transfer

} (14)

where the prime on the summation indicates that no terms are in-
volved where two or more of the integers ni, ns, ns are zero.
Since the total Poynting flux into the wall is simply the sum of the
spectral Poynting fluxes and since the spectral Poynting flux
strongly reflects the spectral or modal energy density, it follows
that the total Poynting flux should reflect the total energy den-
sity in the cavity. As it has already been stated, for an infinite-
parallel-plate geometry at small spacing distances, i.e.,, 1T < 1
em-deg K, the energy density exceeds the classical value as U =
1.84 X 10—t U./ax; we would anticipate a similar behavior for the
Poynting flux to the wall at sall values of g, If welet a, and a3
tend toward infinity, then ns/as and ns/a; forrm a two-dimensional
continuum and the sums over 7, and n; in equation (14) can be
replaced by integrals with respect to a two-dimensional Jeans’

number. Proceeding in this manner, equation (14) becomes
. R . 15 oT*
lim P =35X1073% . — . —
az,a3— 274 [15%
3 {1 — exp [—244 X 10-2T""*/3]}

7n1
ar

ny=—oo

{n’ + mt/a’n’

}n’dn’ (15)
expn’ — 1

Finally, expanding the first term in the integrand of equation (15)
in a power series, this equation may be integrated to yield

: _ 1
lim P = 35X 10-%- 15
as, az— 24
ES 10 i [SI (244 % 10—2T2/“)~]
0t 3 T1s=1r=0 s!

8 These particular values for the electron density and Fermi velocity
closely approximate those for the noble metals. The Fermi velocity
for the ‘‘standard’ metal is within 15 percent of the value for copper
and dluminum. The eléctron density of the standard metal is equal
to that of aluminum but deviates from that of copper by 40 percent.
However, in the expression for aa(w, T) the dependence on N goes as
N''/s s0 we are not sensitive to reasonable percentage deviationsin N.
Also, as will become obvious later in the analysis, we are more in-
terested in certain ratios involving an(w, T), so that we will be even
less sensitive to deviations of an(w, T) for the real materials of in-
terest as compared to the ' standard’’ metal.

AucusT 1972 / 291

Downloaded 27 Dec 2010 to 194.27.225.72. Redistribution subject to ASME license or copyright; see http://www.asme.org/terms/Terms_Use.cfm



10° (S
[ <\ — — — ASE THEORY
\\ w=— HAGEN-RUBENS
3 W ‘THEORY
AN
- N
) AR
L N
1
e 1ot | \\\
1) | \\
N
i N
AN
i N
AN
100 eyl : PR U T e, T T
-3 -2 -1 0
10 10 10 10
a
1
Fig. 2 Heat flux to the wall for a two-dimensionally inflnite cavity
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We may also integrate equation (14) in the continuum limit for a,,
az, and a;, tending toward infinity to derive an expression for the
heat flux absorbed or emitted by the cavity walls in the classical
limit; the resulting expression is

_ 20 ®
P, = 85X 107 — . gT4. ;1 (—1)y+

2.44 10272 12 2 12
oy (2 (222

Figure 2 shows the ratio of the total Poynting flux absorbed or
emitted by either of the two dimensionally infinite cavity walls in
the ASE region as a function of u; as given by equation (16) to
the correspondirig flux for large spacing distances given by equa-
tion (17). The curve representing these data in Fig. 2 was com-
puted using equation (16) for wall temperatures of 5, 10, and 15
deg K; in all cases, the resulting data fell within 1 percent of the
curve. It is reasonable then to suggest that the ASE data repre-
sented by the corresponding curve in Fig. 1 should hold to good
aceuracy over a much larger temperature range. The data show
that the heat flux departs from its classical value for a4 < 0.1,
and for small values of a; satisfies the equation?

0.160

a1

P/P, = (18)
These data may be translated into absolute heat fluxes using the
results in Table 1 for P, at 5, 10, and 15 deg K for ASE theory.
Figure 2 also shows the ratio of the total Poynting fhix absorbed
or emitted by the cavity walls; assuming that the Hagen—Rubens
approximation holds to these low temperatures.®

4 This expression for the heat flux for small spacing distances should
hold down to the point where the spacing distance becomes on the
order of the electromagnetic skin depth which is given by 6§ =
\/ 2/wpe’, For the frequencies characterizing the thermal radiation
field at low temperature and for high-conductivity metal walls at low
temperature, §. < 1076 ¢m.

5 These analyses were carried out by the present author using the
same methodology as contained herein. The basic point of departure
is that in this case the normal spectral absorptance ay(w, T) becomes
an(w, T) = 2\/ 2ew/o’. These results have been previously re-
ported [8].
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Tigure 1 indicates that whether the Hagen-Rubens or ASE
theory is used to. compute the wall absorptance at low tempera-
ture, the results for P/P,, are similar. The absolute heat fluxeg
may be obtained using the results for P, in conjunction with each
of these two theories; these data are provided in Table 1. The
absolute heat fluxes for the two theories differ by more than an
order of magnitude. Nevertheless, the conclusionl may be tenta-
tively drawn that the ratio P/P,, is fairly independent of the
theory used to describe the wall dbsorptance as long as the theory
used provides a reasonable description of the absorptance of a
high-conductivity metal.

Heat Transfer hetween Infinite Parallel Plates

Equation (16) provides a solution for the heat flux absorbed
by either surface from the. equilibrium thermal radiation eon-
tained between two parallel metal surfaces of infinite extent at
temperature 7. Under equilibrium conditions, this is also equal
to the heat flux emitted by either surface into the cavity. Ashas
been argued by Weinstein [10], this is also equal to the heat flux
emitted by either of the surfaces even under nonequilibrium con-
ditions. Equation (12) indicates that at low temperature, spec-
tral absorptance of the metal surface is temperature-independent,;
further, the magnitude of the absorptance is on the order of 102,
Thus, the heat flux emitted by a given surface will be almost ex-
actly equally divided between the two surfaces under ASE-effect
theory. This would also be the case if the Hagen-Rubens theory
held to low temperature, for as can be seen from the footnote in
Table 1, the conductivity of a high-conductivity metal is almost
temperature-independent at a sufficiently low temperature.
Henece, we have for the net heat flux between two parallel sur-
faces of infinite extent at temperatures T; and T

1o .

=y [P(T1) — P(T:)] (19)
Using the ASE data presented previously in Fig. 2 and Table 1 in
equation (19), and comparing these results with the data of
Domoto, Boehm, and Tien, one finds a disagreement of approxi-
mately one order of magnitude. This is none too surprising as
these authors have reported that the equivalent emittance of
their copper surfaces for large spacing distances was approxi-
mately one order of magnitude greater than the value given by
ASE theory. However, considering the results of the previous
section, one can consider the present theory as also describing rela-
tive effects, i.e., it predicts the ratio of P/P.. The radiation
energy density in a cavity under eéquilibrium conditions is inde-
pendent of the absorption characteristics of the wall material as
long as it has low eriough ahsorptivity that the normal modes of
the radiation field in the cavity are well defined. Then, P,
measures the degl ee to which the cavity walls are coupled to the
radiation field in the cavity thr ough the absoiption characteristics
of the walls. Variation of the cavity dimensions alters the radiant
energy density of the cavity through a purely geometric effect,
i.e., only those normal modes are allowed that have wavelengths
such that antinodes occur at the walls.

If the walls were gray, then variation of P/P,, with cavity size
would be exactly proportional to U/ U, Metal surfaces are nob
spectrally gray; however, the absorption characteristics are in
general sufficiently spectrally well-behaved that the ratio of
P /P., should be, to the first order of approximation, independent
of the spectral absorption characteristics of the wall. This is

Table 1 Heat fluxes to wall for infinite cavity
T P, (ASE) P., (Hagen-Rubens)*
5 1.76 X 10712 7.87 X 1071
10 4.30 X 10—t 1.77 X 10712,
15 . 2.77 X 10~ 1.04 X 10—'n

* The resistivity is taken to be that of coppér p = 1.47 X 1071
ohm-cm at 15 deg K, p = 1.64 X 10710 ohin-cm at 10 deg K, p = 1.67
X 10710 ohm-em at 5 deg K.
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Fig. 3 Heol flux between closely spaced metol surfaces—comparison of
theory and experiment

illustrated by the results shown in Fig. 3, where the ratios of
P/P.,, assuming ASE theory and Hagen-Rubens theory, are
shown to be almost identical. Figure 3 shows a comparison of
the prediction of the present theory for §/§. with the experimental
results of Domoto, Boehm, and Tien. Tt is assumed that for the
latter experimental results, the net heat-transfer measurements at
the greatest spacing distances used in the experiments represented
fo The nondimensional parameter in Fig. 3 is associated with
the temperature of the hotter surface. Neglecting a maximum
deviation of 2 percent, the theoretical curve is valid for the higher-
temperature surface being either 10 or 15 deg K and the lower-
temperature surface at 5 deg K. As can be seen, the present
theory duplicates the form of the experimental results, but does not
reflect the temperature-dependence shown experimentally. How-
ever, although Domoto, Boehm, and Tien are confident of their
displacement measurements in a relative sense, they feel that
there was some question of the displacements in an absolute
sense [11]. It should be noted in this regard that a shift of the
curve through the data for 7 = 15 deg K of Aa; = 0.03, i.e., Al
= —0.00145 cm, provides an almost exact agreement between
experiment and theory for ax < 0.1, whereas for the curve
through the data for 77 = 10 deg K a shift in the curve for the
data of Ae = -+0.04, ie, Al = —0.0029 cm, provides good
agreement between theory and experiment for ¢y < 0.1 cm.

Figure 3 also shows the results of the previous wave-interference
analysis of Boehm and Tien [3].
analyses of Boehm and Tien were based on a model due to Frag-
stein [12] for the radiation intensity in a metal. The heat trans-
fer between metals due to traveling waves was calculated by
Boehm and Tien based on the radiation-intensity model of Frag-
stein and the application of simple electromagnetic boundary-
value theory to calculate the total radiant interchange between
metal surfaces resulting from this radiation source. Rytov [13)
has criticized this type of analysis on the basis that there is no
well-defined radiation field within a highly absorbing medium, and
therefore any theory based on this assumption is incorrect. The
present theory would seem to be better founded theoretically, and
perhaps 1ot too surprisingly, therefore, is in much better agree-
ment with the limited experimental measurements. )

It should be noted, however, that because the present analysis
is based on the coupling between the walls of a cavity and the nor-
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mal modes of the cavity, it is limited to the contribution to the
heat transfer due to traveling waves. Previous analyses [1-3]
have also identified an important contribution to the heat trans-
fer due to radiation tunneling, i.e., near surface waves. These
analyses were based on the model of Fragstein for the radiant in-
tensity in a metal and the application of simple electromagnetic
boundary theory to determine the heat transfer due to damped
(near surface) waves. The damped waves in these analyses are
the near surface waves produced in the vacuum region surround-
ing a metal surface by the internally reflected portion of the
radiation field in the metal. The internal reflection is frustrated
by the near presence of a second metal surface leading to heat
transfer via the so-called radiation tunneling mechanism [14].

The results of these analyses indicated that radiation tunneling
does not provide a significant contribution to the heat transfer be-~
tween metal surfaces except when a, < 102 deg K. However,
the criticism of Rytov is also applicable to these results and they
are also therefore subject to doubt. A forthcoming analysis [15]
by the present author will place the theory of heat~transfer con-
tributions due to near surface waves on a solid theoretical founda-
tion and will show that the contribution to the heat transfer due
to near surface waves alters the present results in the range of
nondimensional spacing distances below 10~ Further, at non-
dimensional spacing distances less than 5 X 1072, near surface
waves are the dominant heat-transfer mechanism.
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The Vaporization of Superheated
Sodium in a Vertical Channel

Measurements of the vapor growth patlerns and rutes following the nucleation of super-
heated sodium in a vertical vectangular channel are presented and discussed. The vapor
was found to grow as a single bubble for incipient bulk-liguid superheats greater than
about 10 deg C, and this single bubble tended to completely fill the channel cross section

(except for a thin Liquid film on the walls) and to grow as a vapor slug for incipient bulk-
liquid superheats greater than about 50 deg C. The temperature gradients in the liquid
both normal and parallel o the channel axis prior to nucleation were found to have an
important effect upon the dynamics of the vapor slug. Experimental data on the vapor
growth and collapse rates and the associated pressure transients are presented for boiling
pressures up to 1 atm and incipient superheats up to about 180 deg C.

Introduction

AN UNDERSTANDING of the vaporization dynamics of
superheated sodium is of considerable importance in developing
safety analyses of sodium-cooled fast breeder reactors (LMFBRs).
In this situation, where boiling is generally undesirable, the cal-
culation of the safe operating limits of a reactor or the extent of
damage resulting from postulated accidents is partially de-
pendent upon knowledge of the mechanism and rate at which
sodium may vaporize.

It is well known that under normal circumstances liquids will
boil when their temperatures slightly exceed the saturation level,
with the resultant generation of a large number of relatively small
vapor bubbles. However, under certain circumstances (e.g., a
heating surface highly wetted by the liquid, a lack of nucleation
sites, or rapid heating or depressurization transients), liquids can
become superheated substantially above their normal boiling
temperatures. When nucleation occurs under these conditions,
the first bubble that forms gréws quite rapidly and increases the
liquid pressure in its vicinity; this can result in a suppression of
nucleation at other possible sites. This phenomenon has been
observed in liquid alkali metals [1-4]! as well as in nonmetallic
fluids [5-7]. Furthermore, if the liquid is in a channel (as op-
posed to a “pool’”’) the initially spherical vapor bubble will de-
form and grow primarily in the direction of the channel axis.

In these earlier experiments, either uniform heating [1-3] or
depressurization [5-7] of a liquid in a circular tube was used to
cause superheated boiling; these techniques resulted in either
radially symmetric or radially uniform profiles of liquid tempera-
ture. As a result, the bubble that was formed was also radially

! Numbers in brackets designate References at end of paper.

Based on a paper contributed by the Heat Transfer Division and
presented at the Winter Annual Meeting, New York, N. Y., Novem-
ber 29-December 3, 1970, of THE AMERICAN SOCIETY OF MECHANICAL
EnciNEERs as Paper No. 70-HT-23. Manuscript received by the
Heat Transfer Division February 27, 1970; revised manuscript re-
ceived January 11, 1971.
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symmetric and filled the entire tube cross section except for a thin
liquid film remaining on the walls. Based on these results,
several theoretical models of vapor-slug growth in sodium were
developed, incorporating the observed symmetries {8, 9]. How-
ever, the possibility of an asymmetric liquid-temperature profile
causing the bubble to grow asymmetrically was not examined.
Tn the work reported herein, the rectangular-cross-section channel
was heated on one face only, resulting in an asymmetric liquid-
temperature profile at nucleation, so that possible deviations from
symmetric vapor growth could be investigated.

Experimental Apparatus and Procedures

The detailed design of the apparatus used for the tests reported
in this paper is available in reference [10]; thus, only the salient
features will be outlined here. The sodium was contained in a
vertical tube, made of type 304 stainless steel, the lower section
having a rectangular cross section of 9.5 X 25.4 mm and a length
of 500 mm ; the upper section was a circular tube with an internal
diameter of 17.5 mm. The internal cross-sectional area of the
rectangular section was 2.413 ¢m? and that of the tube was 2.405
em?  The total length of the tube was 4.3 m.

TLow-power-density heaters along the length of the tube were
used to establish and maintain a specified vertical temperature
distribution, while an electron-bombardment heater was used to
supply a large uniform heat flux to a 50- to 90-mm section of one
side of the lower rectangular portion of the tube (the back side of
this portion of the rectangular tube was unheated). This type
of heating arrangement was employed to assure that nucleation
would occur in an essentially predetermined region.

Temperatures. were measured using 1.6-mm-dia Inconel-
sheathed C/A thermocouples immersed in the sodium and similar
0.5-mm-dia thermocouples embedded in the tube wall. The pres-
sure of the upper argon gas blanket was measured by a precision
Bourdon-type pressure gauge, while the liquid pressure in the
high-heat-flux region was measured by a fast-response (~4 kHz)
strain-gauge transducer mounted in a stand-off for temperature
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protection. The position of the liquid-vapor (bubble) interface
was detected by passing a constant low-power direct electrical
current through the tube wall and sodium and measuring the elec-
trical potential at various locations along the length of tube. The
displacement of the top of the liquid column (liquid—gas interface)
above the growing vapor slug was measured by the use of eddy~
current-type coils which could detect the change in electrical con-
ductivity resulting as this interface passed through the field of the
coils. The coils were located at infervals of 76 mm along the
upper length of the expulsion tube.

A typical experiment was conducted in the following manner:
(a) the gas-blanket pressure was set at some level, (b) the low-
power-density heaters were then used to establish a prescribed
vertical temperature distribution, (¢) the electron-bombardment
heater was then turned on and maintained at a constant heat flux
throughout the entire transient period of heating, nucleation,
vapor growth, and collapse, including the final steady boiling
condition if it occurred, and (d) the heaters were turned off to
allow the system to cool prior to the start of a new run. All data
were continuously recorded on either oscillographs or strip-chart
instruments.

It is of some interest to note that considerable difficulty was
encountered in attempting to superheat the sodium following the
initial filling of the apparatus. Approximately 6 to 8 weeks of
repeated boiling and cooling transients were required before an
incipient-boiling wall superheat greater than about 5 to 10 deg C
was observed. After this time, the required incipient superheat
increased to the range from 50 to 200 deg C. An explanation for
this behavior may be found in an examination of the construction
of the test section. This rectangular tube was constructed of two
separate U-shaped channels that were butt-welded together with
something less than 90 percent weld penetration. Apparently
these two joints on either side (i.e., the narrow unheated faces)
provided excellent nucleation sites which became wetted by the
sodium and partially deactivated only following an extensive and
lengthy period of thermal cycling. Experimenters should be
aware of such a problem in order to avoid the possible misin-
terpretation of nucleation measurements when such welds are
near their heating surfaces.

Experimental Results

Patterns of Vapor Growth. Since direct visual observations of the
boiling liquid could not be made, the patterns of vapor growth
were inferred from indirect measurements.
ments that were primarily used for this purpose were (a) the total
displacement of the liquid column and (b) the axial motion of the
liquid-vapor (bubble) interface. The measurements of the elec-
trical potential along the length of the tube during vapor growth
indicated that the flow regime was that of a single vapor -bubble
expanding against the liquid column for incipient-boiling bulk-
liquid superheats greater than about 10 deg C. At lower super-
heats, the presence of many vapor bubbles was apparent.

The average void fraction could be calculated by noting that
the total volume of vapor formed equals the product of the column
displacement and the channel cross-sectional area. Thus, the
void fraction averaged over the length of the bubble, «, is the
column displacement divided by the bubble length. Measure-

The two measure- -
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ments of the sodium-column displacement and the corresponding
vapor-slug length indicated that the slug length exceeded the
column displacement immediately after nucleation, indicating
that the vapor slug does not completely fill the channel cross sec-
tion, l.e., @ < 1. There was some difficulty in determining the
precise instant of nucleation, which resulted in an error in relat-
ing the transient bubble length and column displacement to the
same time scale. The criterion chosen in this work for the incep-
tion of vapor growth (i.e., nucleation) was the instant at which
the liquid pressure started to increase. At large incipient super-
heats (i.e., ATy 5 100 deg C), the pressure rise was relatively
abrupt at nucleation, resulting in an error in the determination
of zero time of 1 to =2 msec. However, at smaller superheats
(i.e., ATw Z 50 deg C), the initia] pressure rise was more gradual,
resulting in an error in the zero-time location of 45 to -8 msec.

The calculation of the average void fraction from the bubble-
length and column-displacement data is extremely sensitive to
these errors in time. As a result of this sensitivity, the average
void fraction as caleulated from the displacement data can only
be determined within =-80 percent at low superheats (i.e., 0 to 50
deg C) and within =£20 percent at higher superheats (i.e., greater
than 100 deg C). Because of this uncertainty in these calcula-
tions, it is difficult to draw any hard and fast conclusions as to
whether or not the bubble initially filled the channel under these
particular conditions. However, it is clear that as the bubble
grows larger, the void fraction decreases, indicating that the
bubble does not continually fill the channel as it grows axially.
This, of course, is due in part to a diminished vapor growth rate
(and ultimately condensation) as the bubble grows out of the
high-heat-flux zone into cooler surroundings.

Under the conditions of an initially asymmetric liquid-tem-
perature gradient (normal to the heated surface) of 4 deg C/mm
and using the mean values of the void fraction, o, from each run,
it was found that the incipient wall superheat had to be greater
than about 100 deg C for & to be greater than 0.9. However, if
the upper limits of « are used, a superheat of only 40 deg C was
necessary in order to reach @ = 0.9. In general, it was observed

Nomenclature
A = channel cross-sectional area Ly = length of high-heat-flux zone k = integration constant defined in
C = channel circumference P = pressure equation (5)
C,» = specific heat ¢ = heat flux p = liquid density
g = gravitational acceleration t = time Subscripts
H = liquid-column displacement t+ = time defined in equation (4) . g = gas blanket
hsy = latent heat of vaporization T = temperature ! = bulk liquid
Ja = Jakob number, pCn AT/ pohye AT = superheat, T — T s, sat = saturation conditions at top of
Ly = length of liquid column above a = average void fraction heat-flux zone
vapor slug § = equivalent liquid-film thickness v, V = vapor
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Fig. 2 Sodium-column displacement caused by vaporization at T, == 851
deg C and at small incipient syperheats

that the mean void fraction became smaller as the incipient super-
heat was reduced, indicating that the vapor bubble filled less of
the channel cross section. This conclusion is reinforced by the
observation that for incipient wall superheats less than about 10
deg C with wall heat fluxes from 55 to 290 W/cm? no vapor slug
was formed and the sodium went directly into stable nucleate
boiling. In the higher ranges of heat flux (greater than about
200 W /cm?) subcooled boiling was oceasionally observed.

The implication of this interpretation of the data is that the
symmetric vapor-slug models of references [8, 9] may not apply
at low incipient superheats (i.e., less than about 20-50 deg C)
when an asymmetric temperature profile is present due to the
asymumetric thermal eonditions existing around the circumference
of the vapor slug. If the temperature profile is sufficiently asym-
metric (i.e., the temperature gradient sufficiently large) vaporiza-
tion and condensation can occur at opposite faces of a vapor bub-
ble and its net growth rate will be affected. This phenomenon
is most vividly apparent in subcooled boiling, which was observed
at the larger heat fluxes (i.e., at larger temperature gradients).

Vaporization Dynamics. As described in the previous section,
the vapor growth pattern was most likely that of a single bubble
that filled 40 percent to essentially 100 percent of the channel
cross section, depending upon the incipient-boiling superheat and
the temperature gradient in the liquid. In this section the
vaporization dynamics of the vapor slug will be discussed and its
dependence upon the superheat and saturation conditions de-
lineated.

In the tests reported herein, the temperature of the liquid so-
dium far from the high-heat-flux zone was always maintained at
approximately 550 deg C, resulting in a large axial temperature
gradient at incipient boiling. Only the liguid in and near the
high-heat-flux region was superheated ; the liquid above and below
was subcooled. The result of this temperature gradient was to
cause an ultimate collapse (condensation) of the vapor slug as it
grew into the cooler regions of the channel.

Measurements of the transient liquid-column displacement
caused by the vapor-slug growth and collapse for several satura-
tion temperatures and a variety of incipient-boiling bulk-liquid
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Fig. 4 Comparison of the predicted column displacement with the ex~
perimental data at an incipient superheat of 138 deg C

superheats are shown in Figs. 1, 2, and 3, where the solid curves
represent the “best’’ lines drawn through the data points. These
data clearly illustrate the importance of the incipient superheat
in determining both the rate and extent of vapor growth. Al-
though it is not shown in these figures, it was observed that the
vapor growth rates were relatively insensitive to the value of the
wall heat flux in the range of ¢w = 60 to 140 W/cm? Appar-
ently, because of the very short heated lengths used in these tests
(about 50 to 90 mm), the effect of the heat flux is minimized;
however, if much larger heated lengths are used, the effect of the
heat flux would be expected to be more important.

In the tests conducted in the present apparatus, reentry of the
liquid column always occurred following the initial vaporization.
The behavior of the liquid after it reentered the heated zone was
quite erratic and its subsequent vaporization showed no particu-
lar dependence upon the value of any of the known parameters.
It should be pointed out thal if a longer high-heat-flux zone were
used along with a smaller-diameter channel, this liquid reentry
might not occur, due to the increased maintenance of the vapor
pressure in the vapor slug because of the larger surface area of lig-
uid film attached to the healed wall and a smaller slug volume per
unit slug length.
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Fig. 5 Comparison of the predicted column displacement with the ex-
perimental data at an incipient superheat of 173 deg C

At large incipient-boiling superheats, the vapor slug essentially
filled the channel cross section; thus, a simple model of vapor
growth driven by the initial superheat pressure against the inertia
of the liquid column with vaporization oceurring only in the high-
heat-flux region can be expected to reasonably model the initial
phases of the vaporization process. As derived in reference [10],
this model predicts that the liquid-column displacement for times
less than t«, where

_ 2pLoL}, e
be = [Pvm) — P, = pLo] W
is
_ t_2 P‘u(Tl) - PU _
-]

and for ¢ > s,

¢
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where the constant k is
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[y (B o) 1w
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A comparison of the predicted liquid-column displacements,
equations (2) and (3), with the experimental data is presented in
Figs. 4 and 5. Because of the large thermal conductivity of the
liquid sodium, it would be expected that the initial vapor growth
rate would be inertially limited for sufficiently large incipient
superheats, so that the agreement at small times is not surprising;
however, at larger times, the model is seen to predict shorter
bubble lengths than were measured. This is due to the restric-
tion in the model that no vaporization can occur outside of the
high-heat-flux zone; in reality, some vaporization actually does
occur there.

These two figures also include the axial temperature profile
existing in the liquid just prior to nucleation; such information is
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Fig. 6 The variation of the initial pressure rise at vaporization with the
incipient superheat

crucial when comparing vapor growth data to more refined future
models.

Pressure Transients. The transient liquid pressure measured
during the growth and collapse of the vapor slug was qualitatively
similar to that observed during the rapid transient boiling of
water and other fluids in a vertical channel [11]. The pressure
would initially rise o a maximum during the vapor growth and
then gradually drop to alevel considerably below that of the upper
gas-blanket pressure during vapor condensation. When the
upper liquid column ultimately impacted with the lower column
following collapse of the vapor slug, a very sharp rise in pressure
resulted. The rise time of the initial pressure increase was
typically 10-40 msec, while that of the impact pressure was about
0.1 to 0.3 msec.

Since the initial pressure rise is caused by the rapid vaporiza-
tion of the superheated liquid, the maximum value of this pres-
sure would be expected to be limited by the vapor pressure cor-
responding to the superheat. This was the case in all of the
fests summarized in this paper. The maximum measured pres-
sure rise above ambient is compared to that calculated from the
superheated-liquid vapor pressure in Fig. 6, and the agreement is
mostly within the estimated experimental accuracy of the pres-
sure measurements (0.1 bar). This finding adds further cre-
dence to the assumption in the simple vapor growth model that
the length of the vapor bubble for short iimes is determined by
the pressure corresponding to the initial liquid superheat.

Conclusions

A considerable amount of new data on the vaporization dy-
namics of superheated sodium in a vertical channel have been
presented. Analysis of these data indicates that the resultant
vapor growth pattern is that of a single bubble if the incipient-
boiling bulk-liquid superheat is greater than about 10 deg C.
However, it appears that an asymmetric radial {temperature pro-
file may result in the vapor bubble filling only a portion of the
cross section of the channel (as little as 30 to 50 percent) as op-
posed to the symmetric case where essentially complete filling
was observed [1-3]. As the incipient superheat is increased, this
asymmetry effect diminishes. For the symmetric bubble (i.e.,
the channel completely filled with vapor except for a thin liquid
film on the walls) the vapor growth is initially limited by liquid
inertia, but the subsequent growth is strongly affected by heat
transfer. Reentry of the liquid into the heated test section was
found to occur after every initial vaporization, but this phenom-
enon is thought to be strongly geometry-dependent.

The maximum pressure rise associated with vapor growth is
limited by the vapor pressure of the superheated liquid, which
provides the initial driving force for vapor growth.
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Falling-Film Solidification Rates for
Water inside a Short Vertical Tube

The purpose of this investigation was twofold: (1) to present the resulls of an experi-
mental investigation of the solidification rates for waler at its fusion lemperature in
Sfalling-film flow inside a short vertical tube and (2) to compare the experimental results
to those predicted from the expression developed by London and Seban [11.)  The ex-
perimental data were in good agreement with those values predicted by their expression
when evaluated on a weight-of-ice-formed basis. However, the liquid-solid interface
radius v, could be determined with reasonable accuracy only for large values of r.. It
was shown that by increasing the temperature difference across the ice field, closer agree-
ment was obtuined in both cases. Itis believed that erosion of the ice by the liquid falling
JSilm is responsible for most of the deviations.
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Introduction

UNE or the basic types of shell-and-tube exchangers
employs the principle of a falling liquid film. The fluid is de-
livered to the top of a set of vertical tubes and is applied by
means of a filin distributor to the inside surface of the tubes, from
where it falls by means of gravity, adhering to the inside surface
of the tubes, to the bottom end and into a receiving tank. This
paper is concerned with the rate of solidification of water in fall-
ing-film flow inside a short vertical tube.

Many authors have addressed themselves to the solution of the
solidification problem. Tondon and Seban [I] presented ap-
proximate analytical solutions for the slab, eylinder, and sphere
which were based on the assumption that thermal-capacity ef-
fects may be neglected. They also presented experimental
confirmation of the predicted water freezing rates [2].  Cochran
[3] presented a literature review of several solutions on the
solidification problem and demonstrated that the one-lumped-
parameter approximation is sufficiently accurate for many
problems of technical interest. Longwell [4] presented a
graphical method for the solution of the solidification problem
taking into account the heat capacity. It is noted that all of the
above references are concerned with solidification in which the
liquid is stationary relative to the heat sink.

Solidification in which the liquid is in motion relative to the
heat sink has been studied by Siegel and Savino [8] by applying
analytical procedures to the investigation of a frozen layer that
forms when warm liquid flows over a cold plate. The plate was
cooled below the freezing temperature of the liquid by a coolant
flowing along the other side of the plate. Stephan [10] investi-

! Numbers in brackets designate References at end of paper.
Contributed by the Heat Transfer Division for publication (without
presentation) in the JouwnNarn or HEAT Transrer.  Manuscript re-
ceived by the Heat Transfer Division May 18, 1971; revised manu-
seript received September 29, 1971, Paper No. 72-HT-D.
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gated analytically the solidification of fluids flowing along a plane
wall and through a pipe, assuming a finite ambient heat transfer
and known heat flux to the solid: liquid interface. (zigik and
Mulligan [11] gave an analytical presentation of the transient
freezing of a liquid flowing inside a circular tube under the as-
sumption of a constant tube-wall temperature, constant proper-
ties, a slug-flow velocity profile, and quasi-steady-state heat con-
duetion in the solid phase.

Lock and Nyren [12] made a theoretical analysis of ice forma-
tion in a long circular tube cooled by external convection utilizing
a regular-perturbation expansion for the temperature and inter-
face location.

Zerkle and Sunderland [13] studied the liquid solidification at
the inner surface of a circular tube upon laminar-flow heat trans-
fer and pressure drop. Steady-state conditions and uniform
wall temperatures were assumed. Their experimental resulis
showed considerable deviations from the theoretical, which was
attributed to free convection by the anthors.

The purpose of this investigation was twofold:

1 ‘To present the results of an experimental investigation of
the solidification rates for water at its fusion temperature in fall-
ing-film flow inside a short vertical tube.

2 To compare the experimental results to those predicted
from the expression developed by London and Seban [1].

Experimental Apparatus and Operating Procedure

The experimental apparatus consisted of a thin-wall copper
tube mounted vertically in the center of a duct, with 32 deg F
water flowing as o film on the inside swiface of the tube.  Re-
frigerated air of predetermined temperature and velocity 1):13§e(l
through the duct. This cooled the tube and solidified a portion
of the water film flowing inside the tube, Figs. 1 and 2. N

The purpose of the water-supply system was to insure that 32
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Experimentdl apparatus

deg F water entered the copper tube and to establish a falling-film
flow on the inside surface of the tube. The water-supply system
was a closed-loop system. From the iced-water reservoir, 32 deg
F water was pumped to the air-water heat exchanger. Upon
leaving the air—water heat exchanger the water stream separated
into two branches. One branch was directed back to the iced-
water reservoir while the other was directed to the ice-crystal
separator and then through a cocling coil to a spray nozzle. The
nozzle directed the 32 deg F water into falling-film flow inside the
vertical copper tube. The water leaving the copper tube was
thei directed back to the iced-water reservoir or to a drain.

The refrigerated-air-supply system was also a closed-loop sys-
tem. From aroom 17 X 7 X 7 {t, refrigerated air was removed
by a blower and discharged into the cold-air duet which contained
the test section. After leaving the test section the air stream
was directed back to the refrigerated room. The temperature of
the refrigerated room was maintained by means of a 60,000-
Btu/hr refrigeration unit. Two heating units were placed on the
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Fig. 2 Test section

suction side of the blower in order to maintain precise tempera~
ture control of the cold-ait stream. The maximum refrigerated-
air-stream velocity to the test section was 33.76 ft/sec. Using
sharp-edge orifice plates, air-stream velocities were reduced to
15.4 fps and 5.82 fps.

The outside coefficient of convective heat transfer hy for the
tube was determined. In order to compute this coefficient it was
necessary to measure the heat transferred across the tube wall,
the temperature difference between the tube wall and outside air
stream, and the outside area of the tube exposed to the air
stream. The heat transferred across the tube wall was obtained
by creating a situation similar to that for the solidification of the
liquid falling film, except that the heat to be removed was pro-
vided by an electric heating element having its power input regu-
lated by an autotransformer and measured by a wattmeter.
The ends of the heating element as well as those of the tube were
insulated in such a way that only radial heat transfer occurred in
the region of the tube exposed to the air stream. The measure-
ment of the air-stream temperature was obtained by two different
thermocouple readings, and the outside wall temperature was ob-
tained by averaging thermocouple readings at 12 locations. The
results of these measurements are shown in Fig. 3.

Nomenclature
Cp, = specific heat at constant pressure would completely fill the cylin- Dimensionless Quantities
of the solidified mateual Btu/ der = p,Yr2L, 1b,, M* = dimensionless mass, defined by
Ib,-deg Q = heat-transfer rate, Btu/hr . equation (7)
g . b
D, = outside diameter of the eylinder, r = radial position from center of the = M* = least-squares curve fit of M* vs.
ft tibe, ft 7* data
h, = outside convective heat-transfer r; = radial distance to inside boundary Nu = Nusselt number = h,D,/k;,
coefficient, Btu/hr-deg F-ft? of film, ft r¥ = dimensionless radius, defined by
h,; = latent heat of fusion, Btu/Ib ry; = radial distance to inside wall of equation (3)
7 ( o " the tube, ft 7* = least-squares curve fit of 7* vs. 7*
k; = thermal conductivity of convec- R .
tive fluid, Bbu-ft/hr-deg F-ft? rw, = radial distance to outside wall of data _
* H 3 - roal
k, = thermal conductivity of solidified  the tube, ft o o R* = dimensionless surface resistance,
. r, = radial distance to liquid-solid in- defined by equation (4)
material, Btu-ft/hr-deg F-ft2 : . L
b = thermal conductivity of material terface, ft Re = Reynolds humber = VmDo/u,
b i I'C(c)l - wall g " fmi d t = time, hr ) W* = dimensionless cylinder-wall re-
g‘l f?; inder wall, Btu-ft/hr-deg T, = fusion temperature of solidifying sistance, defined by equation
- . liquid, deg (5)
L= lengt.h Of cylinder, £t Tw = aii-stream temperature, deg T * = dimensionless time, defined by
In = logarithms to base Ve = air-stream velocity, ft/hr equation (6) )
M = mass of solidified material, 1b,, At = elapsed time of data run, hr T = values computed from equation
My = mass of solidified material which p, = density of the ice, 1b,,/ft3 (2)
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Fig. 3 Nusselt number vs. Reynolds number

At the start of a series of tests, the refrigeration unit was
activated and the blower turned on in order to obtain the desired
air-stream temperature. At the same time, the water-supply
system bypassing the test section was started. During this
period an ice bath was provided which surrounded the ice-crystal
separator and spray chamber. After steady-state conditions were
obtained, the blower was stopped momentarily in order to insert
the copper tube into the test section. The supply valve was then
opened to allow 32 deg ¥ water to enter the test section. The
blower was then restarted. During the period of the test run,
the water and air-stream temperatures were monitored to assure
steady-state conditions.. At the end of the test run, the ice
cylinder was removed from the test section and weighed. The
inlet flow rate which was held constant through all test runs was
0.773 Ib,,/min. The recorded data are contained in Table 1.

Correlation

The expression developed by London and Seban [1] for the
rate of ice formation inside a vertical tube in which the saturated
liquid is stationary is used to correlate the experimental data for
the solidification of a liquid falling film. Their expression is
based primarily on the assumptions that the heat capacity is
negligible and the properties p,, k,, and c,, are constant for the ice
field, and is given as (see Fig. 4):

1
2W*

Yo e (L L oy o
2'r'2lnr +[4+2R*+ ](1 r*2) =T (1)

or in terms of the mass ratio M *

1 — M* — M*\Y/2 [i ._1_ l:l * o ok
S (=MD (1= MY 4 | s o (MY =

2R*
2)
where
e = (1 M (3)
oo
R* =7 @)
1
W* = o (8)
Ko gy Twe
k., n s
% _ ks(Tm - Ts)At (6)
T B pshsfrwi2
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Ohservations and Conclusions

The values of M* vs. 7* as predicted by equation (2) and the
values calculated from experimental data were plotted as shown in
Fig. 5. The following observations and conclusions were made:

1 For a given value of 7% the value of M* predicted from
equation (2) was in all cases greater than the value computed
from experimental data. The difference between the predicted
and experimental values as a percentage of the predicted value
was computed for various experimental runs as shown in Table 2.

Table 1 Experimental data

Run Temp. Difference ‘Weight Time
No. Ty — Ty, °F M, 1b t, min

1 12 0.256 30.00
2 12 0.374 45.00
3 12 0.463 60.00

4 12 0.494 61.33

5 12 0.495 60.00

6 12 Q.567 75.00

7 12 0.665 90.00

8 12 0.730 110.00

9 12 0.739 105.00
10 12 0.749 110.00
11 12 0.758 110,00
12% 12 0.763 114.50
13 22 0.288 12.00
14 22 0.330 20.00
15 22 0.342 20.00
16 22 0.466 30.08
17 22 0.481 30.00
18 22 0.585 40.00
19 22 0.643 45.00
20 22 0.6904 50.00
21 22 0.747 55.10
22 22 0.776 60.00
23 22 0.780 60.00
24* 22 0.821 63.11
25 32 0,208 8.00
26 32 0.310 12.50
27 32 0.406 17.00
28 32 0,488 21.00
29 32 0.557 25.00
30 32 0.612 27.50
31 32 0.633 30.00
32 32 0.647 30.00
33 32 0.667 32.25
34 32 0.707 35.00
35 32 0.747 37.00
36 32 0.767 38.00
37 32 0.794 41,50
38% 32 0.810 44,02

* Tube plugging condition.
Inlet water flow rate M = 350 gm/min = 0.733 1b,,/min.
Outside tube surface = 0.483 sq ft.
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Fig. 5 Dimensionless mass vs. dimensionless time

2 The actual quantity of ice formed M* was from 85 to 95
percent of the value of M* predicted from equation (2). As the
value of the temperature difference between the liquid falling film
and the cold-air stream increased, the predicted and experi-
mental values were in closer agreement. It is believed that part
of this difference between the predicted and experimental values
was due to the erosion of the ice by the falling liquid film. This
erosion effect diminished as the temperature difference increased.
It will be remembered that equation (2) does not allow for this
possibility.

Also, since the inlet water temperature would be no lower than
32 deg F, but due to experimental error might be slightly higher,
the actual quantity of ice formed would always be lower than that
predicted by equation (2).

3 The equation used to compute the values of #* from the ex-
perimental data was:

M
*2 * —_
M=1—-M*=1 ool (8)
which has a derivative of:
dr* 1
aM* o )
Table 2

Run Temp. M*
No. Difference T* Difference

1 (32-20)°F 0.2471 15.069,*

2 (32-20)°F 0.3707 13.58%,

5 (32-20)°F (.4943 10.199,

7 (32-20)°F 0.7415 10.789,

14 (32 10)°F 0.3021 8.689,*
16 (32-10)°F (.4544 9.409,

18 (32-10)°F 0.6042 9.319,
21 (32-10)°F 0.8323 6.379,
26 (32-0)°F 0.2746 6.549,*
28 (32-0)°F 0.4614 6.32%,
31 (32-0)°F 0.6501 7.959,
35 (32-0)°F 0.8129 5.209,

* Maximum value computed for a given temperature difference.
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An examination of the rate of change or »* with respect
to M* shows that as » — 0, a slight increase in the mass of ice
would affect the value of r* greatly. Thus the ability of equation
(1) to predict an acceptable value of 7* should not be expected
over the range of 7* greater than 0.5. However, for 7* < 0.5
the value of 7* computed from the experimental data was a maxi-
mum of 1.16 times the value predicted by equation (1). As the
temperature difference across the ice field increased, the predicted
value of 7* and the r* computed from experimental data were in
closer agreement.
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Periodic Heat Transfer in Straight Fins

The characteristics of heat transfer in siraight fins with periodic variation of base lem-
perature have been determined analytically. The heat-transfer process is governed by
three dimenstonless parameters:

the conventional fin parameier N, the frequency

parameter B, and the amplitude parameter A. The effects of these parameters on the
instaniancous and average heat flow rates, axial and time-wise lemperature distributions,
and instantaneous and average fin efficiencies arve demonsirated by several examples.
In general, the time-average fin efficiency is reduced by the periodic variation of the base

temperature.

Introduction

HEAT TRANSFER in extended surfaces has been ex-
tensively studied under various conditions. Most of the studies
were restricted to steady-state heat transfer. In practice, ex-
tended surfaces are frequently employed under unsteady condi-
tions. Either the base temperature or the ambient temperature
may be time-dependent. Recently, Hung! has presented an
analysis of the heat transfer in thin fins with stochastic base tem-
perature. The root-mean-square temperature and power spec-
tral density were calculated with pure stochastic and Markoffian
base temperature. It appears the case of heat transfer in thin
fins with periodic variation of base temperature is not available
in literature. Many applications of this type of heat-transfer
process can be found in engineering systems. TFor example, fins
attached to electrical or electronic components are frequently sub-
Jjected to periodic heat transfer in automatic control systems.

This paper presents an analytical method for determining the
periodic hest-transfer characteristics in straight convection fins.
The physical parameters which govern the transport process are
defined. The effects of periodic variation of the base tempera-
ture on the flow rate, fin temperature distribution, and fin ef-
ficiency are demonstrated through several examples.

Analysis

Consider a thin straight fin with its base temperature varying
in a periodic manner as shown in Fig. 1. It is assumed that the
base temperature #; oscillates around a mean temperature i,
which is greater than the ambient temperature f,. The variation
of the base temperature is described by the following equation:

! Hung, H. M., ‘“Heat Transfer of Thin Fins With Stochastic Root
Temperature,” JOURNAL oF HeAT TRANSFER, TRANS. ASME, Series
C, Vol. 91, No. 1, Feb. 1969, pp. 129-134.,

Contributed by the Heat Transfer Division for publication (without
presentation) in the JournAL or HeaT TrRANsSFER. Manuseript re-
ceived by the Heat Transfer Division June 22, 1971. Paper No. 72-
HT-E.
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Fig. 1 Fin geometry and base tempetature

ty — tw = (b — o)A cos wf (1)

where A is the dimensionless amplitude parameter and w/2m is
the frequency of the oscillation. :In practice, A is a positive
number Jess than unity.
The governing differential equation of unit depth, under the
usual assumptions for one-dimensional fins, is
% 2h

pc ot
ozt bk =t

=% o0 2)

Equation (1) specifies the boundary condition at x = L. At the
tip of the fin, it is assumed that

o _

ax—O at =0 (3)
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In dimensionless forha, equations (1)-(3) become

orr oT
T N -
0X? N or )
d;T
— =0 =
>X at X =0 ()
Ty=1+4 Adcos (Br) at X =1 (8)
in which
(2RL\ s ,
N = ( ) and B = wl? (P
bk o

For large time, a solution can be obtained by letting the fin
temperature T(X, 7) be composed of two components: a steady
component 77(X) and an oscillatory component T5(X; 7). The
two components satisfy the following two sets of equations re-
spectively:

el N2T, =0 (8)
a7, .
-0 =
X at X =20 (9)
=1 at X =1 (10)
and
0T, oT, .
— N2, — =P
>%3 NeT, o 0 (11)
T
=29 =
oX at X =0 (12)
Tr=Acos(Br) at X =1 (13)

The steady component 77 is obtained immediately through equa-
tions (8)-(10)

Ty = cosh (NX)/cosh N (14)
For the oscillatory component, a complex temperature T, is de-
fined as

T, = Ty + 4T, (15)

where 7' is the auxiliary part of 7. = The auxiliary temperature
T satisfies equations (11)-(13) except the periodic boundary-
condition function has a shift of 7/2, i.e., sin (wf) instéad of cos
(wh). The complex temperature T, is the solution of the follow-
ing equations:

Further, it is proposed that the complex temperature is in the
form

T, = AY(X)e'B (19)
Equations (16)-(18) can therefore be reduced to
dny ,
X (N2 +iB)Y =0 (20)
dy , ‘
— =0 =0 2
Ix at X (21)
=1 at X=1 (22)
The solution of the function ¥ is
Y = cosh [(u + @)X]/cosh (u + @) (23)
in which
Nt 4+ (N4 + 32)1/2]1/2
Uy=|———"
[
C (24)
l:__Nz + (V4 Bg)l/z]l/z
Y =
2

Now, taking 7% as the real pait of T,, the complete temperature
solution is obtained

T(X,7) = cosh (NX)/cosh N + (4/C)f(X, 1) (25)

where
C = (cosh u cos v)? 4+ (sinh u sin v)? (26)
F(X, ) = cosh u cos v [cosh (uX) cos (vX) cos (wf)
— sinh (uX) sin (0X) sin (w8)]
+ sinh u sin v [cosh (uX) eos (vX) sin (w0)
+ sinh (uX) sin (WX) cos (wf)]  (27)

It is noted that the heat-transfer process is characterized by
three parameters: N, B, and A. The parameter N is the
standard fin parameter under steady-state conditions; the pa-
rameters B and A are the additional ohes indicating the dscilla-
tory nature of the problem. Ambng the three quantities, N and
B, which specify the thermal properties of the fin material («, &)
and the geometry of the fin (b, L), aré the design parameters upon
whiéh the performance of the fin depends.

Discussion of Resilts

o, NeT — oT, 0 (16) Heal-Transfer Rate. The heat-transfer rate from the fin may
dX2 e o now be evaluated in terms of the temperature gradient at the base
{ ot
g}T; =0 at X=0 (17) q =0k (&)M (28)
T, = A¢BT at X =1 (18)  Indimensionless form, it becomes
-—-Nomenclature
A = diimensionless amplitude parameter, tion (7) ) Ty = (& — ta)/ W — L)
. equation (1) g = heat flow raté per unit depth u = constanb, equation (24)
b = fin thickness ¢ = average heat flow rite per unit 4 = constant, equation (24)
B = dimension’less‘ frequency parameter, depth, equation (30) ‘ z = coordinate
_equation (7) Q. = cumulative heat flow rate, equation ¢ _ . /L
¢ = heat capacity (31) o s
C = constant, equation (26) t = fin temperature o« = therma@ d1ffusxvxtyl
J = temperature function, equation (27) ¢, = ambient temperature n = fin efficiency, eq.uatxon (3‘3)‘,
h = heat-transfer coeflicient &, = fin base temperature 7 = average fin efficiency; equation (35)
k = thermal conductivity f, = fin base mean temperature, equa- § = time
L = finlength tion (1) 7 = Fourier constant = afl/L?
N = dimensionless fin parameter, equa~- T = (¢ — £,)/{, — &) @ = frequency
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Fig. 2 Effect of parameter N on heat flow rate

qL
bk(t,, — t,)

= N tanh N

+ QAE {sinh (2u)[u cos (w8) — v sin (w8)]

— sin (20)[v cos (wh) + u sin (wh)]} (29)

Thus, the heat-transfer rate is also composed of two components.
The steady component is characterized only by the conventional
fin parameter N. The oscillatory component is affected by all
three parameters N, B, and 4.

Some representative graphs of the heat flow rate are shown in
Figs. 2to 4. The effect of the parameter N is indicated in Fig. 2,
in comparison with the steady-state case, for A = 0.1 and B-= 1.
The instantaneous heat flux follows a periodic variation as it
oscillates around a mean value which is the heat-transfer rate at
steady state. The variation of the parameter N has no effect on
the amplitude of the oscillation. The phase difference changes,
however, with the change of V. The minimum heat flow occurs
at 0.67/w for N = 0.2 and at 0.87/w for N = 1, while the mini-
mum base temperature oceurs at w/w. A shift of phase implies a
time difference. Thus the heat flow rate leads the temperature
variation by 0.47/wat N = 0.2and by 0.2m /wat N = 1.

Figs. 3 and 4 show the effect of the parameter B on the heat
flow rate at N = 0.5 and.N = 0.1 respectively. In both cases,
tlie amplitude of the oscillation is greatly affected by the param-
eter B. The effect is less when the fin is operated at low frequency
or the fin material is of high thermal diffusivity. It isinteresting
to hote that negative heat flow results at larger values of B, i.e.,
high frequency or low thermal diffusivity. This phenomenon is
enhanced when the parameter N is small as shown in Fig. 4.
The negative heat flow implies a back heat flow from the fin to
its base due to the thermal inertia of the fin. However, the
oscillation of the heat flow has no effect on the average heat flow
over a period of 27 /w. From equation (29), it yields

20

e Dbty —
w 40 = (b = ta)

qg=-— N tanh N (30)
2r Jo

The average heat flow equals that of the steady-state case. This

fact is indicated by the symmetrical curves shown in Figs. 2 to 4.

The cumulative heat flow over a complete cycle is determined

from equation (29)

27

Qc=qud0
0
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Fig. 3 Effect of parameter B on heat flow rate at N = 0.5
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Fig. 4 Effect of parameter B on heat flow rate at N = 0.1
27N tanh N :
‘ Q. _ 27N tan (32)
pLbC (L, — ta) B

The fact that the cumulative heat flow of a complete cycle de-
creases with the increase of the frequency parameter B is apparent.
The actual time 27 /w over which @, is calculated is proportional
to1/B. .

Temperature Distribution. The temperature distributions are in-
teresting since they describe the detailed manner in which the
heat transfer is affected by the oscillation of fin témperature. An
inspection of equations (25)—(27) reveals that the oscillatory tem-
perature component is directly proportional to the amplitude
parameter A and isrelated in a complicated way to the parameters
Band N. Some representative graphs are shown in Figs, 5 to 7
to demonstrate the effect of B and N on temperature distribution.
Fig. 5 shows the axial temperature distribution at A = 0.1 and
B = 1, corresponding to the heat flow graphs in Fig. 2. Again,
the axial temperature varies with time around a mean value
which is the steady-state temperature. It is interesting to note
that the sign of the temperature gradient at the fin base changes
with time at smaller values of N, Fig. 5(a). The negative
gradient explains the back heat flow as indicated in Fig. 2. At
larger values of N, the gradient remains positive which results in
no back heat flow. )

The effect of the parameter B on axial temperature distribution
is shown in Fig. 6 at N = 0.1 and A = 0.1, corresponding to the
heat flow graphs in Fig: 4. Tt is clear that the parameter B
causes a larger axial tempetature variation and produces nega-
tive heat flow. Turther calculation shows that this effect is re-
duced wher the parameter N is increased. Some time-wise
temperature variations are shown in Fig. 7. Comparison with
the imposed variation at fin base (X = 1) shows that at a given
axial position, both the amplitude and phase of the teinperature
oscillation are affected by the variations of B and N. The ampli-
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Fig. 5 Effect of parameter N on axial temperature distribution
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Fig. 6 Effect of parameter B on axial temperature distribution

tude decreases and the phase difference increases with the in-
crease of B, It appears that the parameter N has no significant
effect on the oscillation of temperature. Only a large change of
temperature level in the axial direction is produced by the varia-
tion of N. ‘

Fin Efficiency. The heat-transfer performance of the fin can be
expressed in terms of the fin efficiency, which is defined as the
ratio of the actual beat transfer to heat transfer from fin surface
at base temperature

q

T 20, — t,)Lh (33)

Ui
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Fig. 7 Representative curves of time-wise temperature variation

Substituting equations (1) and (29) into the above equation
gives the instantaneous fin efficiency

tanh N

n= N(1 4 A cos wf)

cos (wf)

4 [( inh « cosh in v)
— S: osn w4 — 0S v
NZC W SN w ¢ v ¢ ¥ s1n 1+ACQS (we)

. . sin (w8)

(v sinh % cosh w + % cos v sin v) Th 4 o8 (w@)] (34)
It has been noted that both the temperature and heat flow are
composed of a steady component and an oscillatory componens.
Contrary to this fact, all components of the fin efficiency in equa-
tion (34) are time-dependent. A larger oscillation of 7 is thus
expected. On the other hand, the efficiency is time-independent
if the denominator and the numerator in equation (33) are in
phase. These facts are demonstrated in Figs. 8 and 9. It is seen
in Fig. 8 that the efficiency is practically time-independent at
larger values of N. The amplitude of the oscillation increases
significantly as the parameter N is reduced. The effect of
parameter B is shown in Fig. 9. The oscillation of the efficiency
increases with the increase of B. This effect is enhanced at small
N. An examination of Figs. 2 to 4 reveals that the phase dif-
ference between the base temperature and the heat flow is smaller
at large N and small B; the phase difference becomes larger when
N is reduced and B is increased.

Finally, in the evaluation of fin performance, it is more mean-
ingful to determine the average fin efficiency over a complete
cycle. The average fin efficiency is defined as )

M= — 35
1= . (35)
Substituting equation (34) into the above equation gives

_ tanh N A
n = +

N — A/ - (y sinh % cosh w — v cos v sin v)]

2rCN?

(36)
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Fig. 8 Effect of parameter N on instantaneous fin efficiency

where

cos (wd)

2
I(4) = j; m d(wh)

Some representative graphs of the average efficiency are shown in
Fig. 10for 4 = 0.1 and A = 0.05. It is noted that the oscillation
of base temperature affects the average efficiency ohly when the
parameter & is sufficiently small. “For small values of N, the
parameters B and 4 reduce the average efficiency significantly.
The behavior can be explained by considering the limiting cases
of equation (36). It can be shown that

(37)

f>—o as N-—>0 for B>04 1

1

»m as N—0

for B=0 (38)

>0 as N—

Conclusions

An analytical method has been developed to determine the heat-
transfer process in straight fins with periodic variation of base
temperature. The process is governed by three parameters: N,
B,and 4.

The heat flow rate, temperature, and fin efficiency exhibit a
periodic oscillation with the imposed base temperature. The
amplitude and phase of the oscillation depend on the three pa-
rameters. The oscillation is enhanced when the parameter N is
reduced or the parameter B is increased.

Back heat flow occurs when N is small. The oscillation of heat
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Fig. 9 Effect of parameter B on instantaneous fin efficiency
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Fig. 10 Average fln officiency

flow has no effect on the time-average heat flow rate.
The time-average efficiency is practically not affected by the
oscillation of base temperature wheri N > 1. When N < 1, the

_ time-average efficiency is reduced by the increase of parameters

Band 4.
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Introduction

T111~: RAPIDLY increasing use of high-speed high-power
electronic components has necessitated the development of elec-
tronic cooling systems which employ boiling heat transfer to di-
electric fluids.  For systems requiring a high degree of reliability
and loug operating life, the vapor generated must be condensed
and recirculated.  In the design of pool boilers for electronic com-
ponents, space limitations and packaging constraints dictate the
use of horizontal condensing surfaces of minimum area. Tt is,
therefore, important to examine techniques for augmenting heat
transfer in condensation of dielectric fluids on horizontal surfaces.

Condensation oceurs when a subcooled surface is exposed to
saturated or supersaturated vapor. The liquid condensate
formed at the surface normally spreads out and establishes a
stable film. Condensation then occurs on the vapor-liquid inter-
face and the heat released is conducted through the liquid film to
the condenser surface. However, when the liquid does not wet
the surface, individual droplets form, condensation oceurs on the
drop surface, and the released heat is conducted through the liquid
drops to the condenser surface. Most of the heat transfer in
dropwise condensation oceurs through drops in early stages of
growth; as a result heat-transfer coefficients in dropwise condensa-
tion are typically one or two orders of magnitude higher than in
film condensation [1].1  Dropwise condensation thus appears to
be the obvious technique for increasing the rate of condensation.
However, in order to maintain this mode of condensation on a

! Numbers in brackets designate References at end of paper.

Contributed by the Heat Transfer Division of THE AMBERICAN
SocreTy or MECHANICAL EnciNEkRs and presented at the AIChE-
ASME Heat Transfer Conference, Denver, Colo., August 6--9, 1972.
Manuscript received by the Ileat Transfer Division March 29, 1971.
Paper No. 72-11'T-33.
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Condensation on a Downward-facing
Horizontal Rippled Surface

An analytical investigation is presented for film condensation on o downward-facing
horizontal doubly rippled surface.
ture are combined with larger cylindrical grooves designed to aid condensale runoff.
A direct expression for the condensale film thickuess i the top of an undulation crest,
as well as on a small-diameter horigontal cylinder, is derived.
pression for the condensation rate on the rippled surface is then oblained which predicts
that the condensation rate will be five times the rate attainable on o flat horizontal surface
of the sume projected area.

Small undidations having constant radius of curva-
An upper-bound ex-

This analytical expression ts compared with experimental

condensing surface, the surface must be treated with a promoter
which repels the liquid molecules while being strongly attracted
to the surface itself.

A substantial amount of work has been done in identifying
suceessful promoters for dropwise condensation of water vapor
and some organic vapors (2].  However, due to the extreme wet-
ting characteristics of fluids generally used in electronic cooling,
no promoters have been found for these fluids.  As a consequence
other augmentation techniques must be considered.

In film condensation the rate of heat transfer is governed by
thermal conduction through the liquid film adhering to the sur-
face. Consequently, if augmentation of film condensation is to
be achieved, some way must be found to thin the liquid film.  In
1953, Gregorig [3], while studying condensation on wavy sur-
faces, noted that surface tension could give rise to large pressure
gradients in the liquid film due to the varying curvature of the
condensate surface. Large pressure gradients necessarily lead to
thin films, and coeflicients of heat transfer several times greater
than those observed in normal film condensation can be achieved.
Gregorig thus proposed that improved vertical condenser tubes
could be made by placing grooves of the proper geometric form
parallel to the tube axis. The profile suggested by Gregorig
utilized a gradually deereasing solid-surface curvature to produce
a very thin, but nearly uniform, condensate film. The same
general concept is also valid for a solid surface of constant curva-
ture, which is easicer to form in praetical applications. This gen-
eral technigque has sinee been extended to horizontal coudenser
tubes 4] and vertical-tube preheaters and evaporators [(2--14],
but cannot be diveetly applied to flat horizontal surfaces.

On downward-fucing plane horizontal swrfaces, condensate re-
moval is normally accomplished by drop formation resulting from
the growth of disturbances on the liquid-vapor interface [3].
Consequently, it is not sufficient to provide undulations on the
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Fig. 1 Photograph of doubly rippled surface

Fig. 2 Schematlic and coordinate system for doubly rippled surface

condenser surface; instead a two-dimensional profile as shown in
Figs. 1 and 2 is required to facilitate proper draining of the con-~
densate. The doubly rippled surface developed for this study
consisted of 18 parallel semicircular grooves of 0.125-in. radius on
a 5.75-in. square plate. The internal surface of the grooves con-

curvature, this pumping can be achieved against the force of
gravity. )

From the trough the condensate flows by gravity along the
arch of the grooves provided in the surface. At the base of the
arch, the condensate drips off the surface.

tained sinusoidal-like undulations with constant 0.015-in. radius
of curvature.? The total surface area of the doubly rippled sur-
face was 2.38 times its projected area.

On such a surface, the vapor condensed on the crest of an undu-
lation is pumped by surface-tension forces into the undulation
trough. Along the crest, the film thickness, and hence the radius
of curvature of the liquid—vapor interface, increases with increas-
ing angle W. The static pressure in the thin liquid film decreases
with increasing ¥, thus yielding the pressure gradient required to
pump the condensed liquid into the trough. For small radii of

Analysis

At the Undulation Crest. 'The condensate on a surface undulation
shown in Fig. 2 forms a laminar film which flows along the surface.
Considering a small-volume element rd¥(6 — =), assuming
that the film is thin, § < 7y, and neglecting ¥-direction momen-
tum changes, a force balance may be written in the ¥ direction as

—u % 7d¥ = —g¢ cos a sin ¥(p — p,)(6 — z)red¥

2 This dimension was suggested by the characteristics of the surface + -a& 6 — z)a¥ (1)
developed by Gregorig [3]. o
Nomenclature
4 = surface area T = temperature ' the vertical
A, = projected area of rippled surface v = velocity ¥ = nondimensional crest angle de-
¢ = nondimensional parameter de- w = ratio of crest to trough diameters fined in equation (15)
fined in equation (15) z, y = coordinate axes
g = gravitational acceleration a = angle along groove, measured Subscripts
g = gravitational constant, 32.17 lb,- from the vertical ¢ = condenser surface
£t /1bn-sec I' = mass rate of condensate flow per cr = refers to undulation crest
h = heat-transfer coeflicient unit width m = average value
hyy = latent heat of condensation or v = condensate film thickness in un- 0 = at ¥ = 0, top of crest
evaporation dulation trough s = saturation
hyy = hyg + 0.68¢,(Ts — T) 8 = condensate film thickness on un- tr = refers to undulation trough
k = thermal conductivity dulation crest v = vapor
p = pressure A\ = nondimensional condensate film
ps = refers to pressure gradient due to thickness Superscript
surface tension 4 = dynamic viscosity ~ = average value
7o = radius of curvature of undulation p = mass density
R = groove radius o = surface tension Fluid properties pertain to the liquid phase
S = distance along curved surface ¥ = angle along crest, measured from unless otherwise noted.
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where the pressure gradient 0p,/0W is due to surface-tension

forces. Rearranging terms
dv s g cos a sin-W(p ~ pv)ro]
—p = 1d¥ = 1- 4 —
B ™ av [ opo/OF (8 — =)¥

()

For values of g cos & sin Y(p — pu)ro/(0pe/0¥) < ~0.1, the
gravitational term may be neglected relative to the surface-ten-
sion term. This relationship is strictly valid at ¥ ~ 0 and
o~ 7/2 and is approximately valid throughout the range 0 < ¥
<m/2and 0 < @ < 7/2 along the undulation crests of the surface
considered. The elimination of the gravitational term reduces
the complexity of equation (2) and can be expected to yield an
upper-bound solution for the rate of condensation on a down-
ward-facing undulation.

As a consequence of the thin-film assumption and the constant
curvature of the solid surface for 0 < ¥ < /2, and in the interest
of maintaining an upper-bound solution, changes in the center of
curvature of the interface can be neglected. Asa result, the pres-
sure difference across the curvature of the liquid—vapor interface
for 0 < ¥ < 7/2is given by

o

P=Pr= (3) -
But p, is constant, and consequently
0, b
R (4)
o (ro + 0)2 ¥
or, for & << 7y,
Ops ., o dd
oV = e dl¥ )

Substituting for dp,/d¥ in equation (2) and neglecting the gravi-
tational term,

dy o dd

Fa = rage@—2 (6)

Integrating over z to find »

o db x?
v = roin 4% (8.7; — -2—) (7)
The mean velocity
1 8
7= 5 j; vdx (8)
is found to equal
_ o di o2
V= 7ol d¥ 3 )
By continuity
I' = ppb (10)

Then by differentiation

il = 2T g[8 éi]
dI' = pdisd] = in I:d\If 3 (11)
and
_ po 1 [ae
= T 12 ¢ [d‘I’] 12)

Applying the energy equation by equating the heat released at
the interface with the heat conducted through the film and as-
suming a linear temperature profile in the film,

Journal of Heat Transfer

_ E(Ts — To)red¥

ar
Ohy’ (13)
Equating equations (12) and (13) ‘
d2bt 12uretk(Ty —
[_—] - L (14)
av? pohs,’

This second-order differential equation for § can be nondimen-

4 ,
sionalized with = (ri) ¥ = v/c¥ where

0

_ [12uk(Tx ’— Tc):l (15)
Pahyg'ro
to yield
a2
1y SN
Mgy =1 (16)

Equation (16) can be solved numerically by finite-difference
techniques when two boundary conditions are specified. - At the
top of the crest where ¥ = 0, the nondimensional film thickness
A is finite and equal to ho. The slope of the liquid—vapor inter-
face dA/d¥ at ¥ = 0 is by symmetry equal to zero. TUtilizing
these boundary conditions, the solution for (A)'/* as a funection of

e
(Ao)/* and ¥ in the range 0 < ¥ < can be obtained,

To determine the rate of condensive heat transfer on the crest of
the undulation, it is now necessary to evaluate the heat-transfer
coefficient her on the crest. In laminar film econdensation ke can
be approximated as

by = *g 17
Relating back to the nondimensional film thickness A,
k
(18)

i Vi

Therefore, the average heat-transfer coefficient on a segment of
the surface 0 < ¥ < ¥, equals

ok k/ro
WCAECS [@i f o <X>1/4d¢/:|
tJo

As can be seen from equation (19), to fully evaluate /. it is
necessary to determine the value of (Ao, Alternatively, since
7 is usually specified it is 8; that must in fact be determined. Re-
turning to equation (14) and modifying it slightly

Fior (19)

d db 3urek(T, — T.)
gy | = EEE R T 20
ad\I’ [6 d‘I’] ophys,’ (20)
Butat ¥ = 0,8 = § and do/d¥ = 0; therefore,
a2 Burek(T, — T)
) LA T T 21
bo a0, ohsy! (21)
or
4 — 1/a
50 = Surek(Ts — Te) (22)

2

aphse’ a0,

To evaluate & it is therefore necessary to determine d25/d¥? at
V¥ = 0. Assuming the liquid-vapor interface at ¥ = 0 to follow
the contour of the constant-curvature undulation yields, from the

. 4 .
definition of surface curvature, e ‘ = 0. Alternatively, assum-
o
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ing the interface to lie tangent to the undulation at only ¥ =
a2

av?,
to malntain the

. d
yields —— lies some~

d\I/Z’o
where between these two values. However,
Faze

4w,
While this choice is somewhat arbitrary, § is inversely propor-

= rg. Clearly, in the present case —;

upper-bound nature of the analysis ——| was chosen equal to ‘ro.

. 428 TV«
tional to [ t@] , and is, hence, not highly sensitive to the

d26
choice of ——

A,
.. d
Substituting pa ,0

= 19 into equation (22) results in

[3;”0%(1’, - Tc)]‘/'*
8 = | ¢

23
aphyy’ 28)

It is interesting to note that a similar expression for d; can be
obtained by analogy to gravity-dominated condensation on a

cylinder [6] where
l:f)’urok(Ts — Tv)]‘/“
8y = | 2B T T o)

24
g(p — po)ohsy’ (24)

In the present case the gravity term in the denominator of equa-
tion (24) is replaced by a surface-tension term with 7, as the
characteristic length. Equation (23) can also be used to eval-
uate the film thickness for surface-tension-dominated condensa-
tion on top of a small-diameter horizontal cylinder.

For Freon-113, at atmospheric pressure and 20 deg F surface
subcooling, on an undulation or horizontal cylinder with a 1.5 X
1072 in. radius of curvature, equation (23) yields 8 = 4.55 X
10~4in,

On the upper part of the undulation, shown in Fig. 2, the pres-
sure gradient resulting from surface-tension forces leads to an ex-
tremely thin condensate film. However, for ¥ > 7 /2 the solid-
surface curvature reverses and the film thickness is substantially
increased. In this region the film thickness 6 can no longer be
considered very small in relation to 7, and consequently the
above analysis is restricted to 0 < ¥ < 7/2.

At the Undulation Trough. The vapor condensed on the crest of
the undulation is pumped by surface tension into the undulation
trough. From the trough the condensate flows primarily under
the action of gravity along the specified arch and then drips
off the doubly rippled surface at the base of the arch. The height
of the liquid layer in the trough, -y, increases along the arch and
reaches its maximum value at the base of the arch. For values of
v = r the condensate flowing in the trough may wash or “flood”’
the undulation crest and substantially increase the thickness on
the crest. However, the relatively short path length along the
arch suggests that the condensate film remains thin and that flood-
ing is not achieved at commonly employed values of condenser
surface subcooling. The condensate film thickness in the trough
can be determined approximately in the following manner.

Referring to the differential element in Fig. 2 and assuming that
the film is thin and that the liquid-vapor interface is at a uniform
height above the surface, a force balance in the o direction yields

b (25)

= g{p — p»)sin aly — )

Integrating across z to find the fluid velocity in the « direction

z d
v=fidm=£
0 H

The mean fluid velocity can now be found as

¥
1‘)=j‘1)doc=i
0 143
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(p — po)sin a (m — xz—z> (26)

. 2
(p — po) sin a-’yg (27)

By continuity

pglp — pv) sin a-y?

I' = poy = 34

(28)
Equating the condensate flowing in the trough with the sum of the
condensate draining off the adjacent crests and the vapor con-
densing on the liguid film in the trough yields

olp — pu)gsina-y® Ra(Tgf—, Tk [% n %:l (20)

3u h h,

where § is the average film thickness on the erest and w is the ratio

of crest to trough diameters (w = 1 for a sinusoidal profile). De-
fining § = /6 and rearranging terms
v)g sin o Ro(T,
plp — polg 664__(*__ w8+ 1 (30)
3u ke,
or
B¢ SuRK(Ts — To)ex 1
il Rerwrabrasll B B (31)
wB+ 1 Lol = polghs,’ sin o | [ refAn

The value of 8 can be found directly by solving equation (16) for
Am(at ¥ = 7/2) on the crest surface and inserting the appro-
priate value in equation (31). The desired value of v is then,
from the definition of 3, simply

¥ = 85 = roBAn'/t (32)
and the condensive heat-transfer coefficient in the undulation
trough A is

(33)

As is clear from equation (31), 8 and therefore v are functions of
« along the arch.

The insertion of numerical values in equation (31) reveals that
for commonly encountered values of subcooling, v at the base of
the arch 'is as anticipated still small when compared to 7. How-
ever, along the inflection curve where the crest and the trough
meet, ¥ is somewhat greater than 4, evaluated from equation
(16), and an analytically induced artificial discontinuity thus
exists. Tor the range of 7 likely to be chosen in practical appli-
cation, 7 is approximately 30 percent greater than the calculated
0 at that point. However, at and near the inflection point the
gravitational force neglected in the derivation of equation (16)
will act to increase & and reduce this discontinuity, which will,
in any event, be smoothed by surface-tension forces without sub-
stantially affecting d on the crest of the undulation.

To facilitate the evaluation of the rate of condensive heat
transfer in the undulation trough, it is appropriate to define an
average trough heat-transfer coefficient Ay based on an average
value of 8 along the arch. The desired heat-transfer coefficient
can be expressed as

- k
e = ?'OXmI/AB (34)
where 5 is evaluated from equation (31) for 0 < o < /2.

Heat Transfer on Doubly Rippled Surface. The analysis presented
in the preceding sections has provided expressions for the con-
densive heat-transfer coefficients on the undulation crest and in
the undulation trough on a doubly rippled surface. Assumptions
have been made throughout to minimize the film thickness and,
hence, generate an upper-bound solution for the rate of vapor con-
densation and heat transfer on the surface.

The overall rate of heat transfer on the doubly rippled surface,
neglecting temperature variations on the surface, can be ex-
pressed as -
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g = (holer + hudu)Ts — To) (35)

where A.: and Ay are the crest and trough surface areas respec-
tively.
For the experimental surface studied

Acr = Atr = 1.171‘11,

where A, is the projected area of the doubly rippled surface.
Therefore, the upper bound on the total rate of heat transfer,
gmax, ON the experimental surface is equal to

Qmax = 1‘17Ap(zcr -+ Etr)(Ta - Tn) (36)

and can be evaluated from expressions presented in equations
(19) and (34).

Analytical Results and Discussion

Numerical Solution for A. The differential equation for A, the
nondimensional film thickness on the undulation crest, was solved
numerieally for several values of Ao in the range 0 < ¥ < /2.
The resulting profiles are shown graphically in Fig. 3 and are seen
toincrease with increasing ¥. Theslopeof the pr ofile, d(\)/+a¥,
is seen to decrease with increasing ¥. Both results are in
agreement with expectation. As is clear from equations (3) and
(4), maintaining the surface curvature r, constant requires that
the film thickness § increase with ¥ to produce the desired pres-
sure gradient in the film. As the film thickness increases, the
local rate of condensation decreases and the growth rate of the
film d( _5\)1/ 4/ ¥ decreases accordingly.

Evaluation of §5. The evaluation of the film thickness at the top
of the crest, 6y, is central to the determination of the condensate
film profile and the rate of heat transfer on the undulation crest.
In his development of this method for a vertical-tube condenser
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Gregorig [3, 71 specified no direct method for caleulating 6p. In
practice he utilized a laborious trial-and-error method based on
integral constraints and symmetry conditions [8]. The value of
8y determined by equation (23) is compared in Fig. 4 with the
value suggested by Gregorig for an undulation with an initial
radius of curvature equal to 2.36 X 10-% in. TFor steam satu-
rated at 85 deg I and a surface subcooling of 1.0 deg F, equation
(23) yields §; = 2.24 X 10~* in., while Gregorig determined a
value of 1.97 X 10~*in. Further comparison would be desirable,
but the literature contains only this one calculated value.

Variation of 8. Early attempts to exploit surface-tension forces
to produce thin condensate films have utilized surfaces of varying
radii of curvature. The surfaces were shaped to produce uni-
form-thickness condens@te films along the entire crest surface [3,
4] with 6 equal to the value attained at the top of the crest. Due
to the difficulties associated with accurately manufacturing such
a surface, the use of sinusoidal undulations appeared attractive.
However, the use of a sinusoidal undulation rather than a profile
with a variable radius of curvature can be expected to result in a
larger mean film thickness.

The condensate film thicknesses on the crests of sinusoidal and
variable-radius-of-curvature undulations with initial radius of
2.36 X 10 in. are compared in Fig. 4. For the conditions stated
above and in the absence of gravitational effects, the sinusoidal
profile yields a film thiciness which increases to four times the
minimum value at the inflection point of the undulation. The
mean film thickness for the sinusoidal profile is thus approximately
three times greater than the comparable flm thickness on the
G1eg01 ig-tiype profile {3], but still neally afactor of three less than
the average film thickness for the same conditions on a smooth
horizontal surface. It is apparent, then, that the use of a sinus-
oidal rather than a variable-radius-of-curvature profile results
in rates of heat transfer which are lower than the maximum ob-
tainable. However, the results of the analysis are in qualitative
agreement with expectation and indicate that sinusoidal undula-
tions of sufficiently small radius can be used to substantially re-
duce the film thickness, and hence significantly increase thermal
transport in film condensation on horizontal surfaces.

Heat-Transfer Rate.  Utilizing the analytical results and equation
(36) it is now possible to calculate the upper limit on the rate of
condensive heat transfer on the downward-facing doubly rippled
surface of Figs. 1 and 2. The results of these calculations for
F-113 and surface subcooling of 7 to 40 deg F at 1 atm are pre-
sented in terms of

" = Zq— = 117(her + hue)(Ty — To) (37)

P

in Fig. 5. Included is the analytical condensation rate on a flat
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Fig. 6 Schematic of experimental submerged condenser apparatus

downward-facing horizontal surface of the same projected area.
The results indicate that a factor of five improvement represents
the upper limit for condensive augmentation on a downward-
facing doubly rippled surface of this type.

Comparison with Experimental Results

The experimental results for the condensation of F-113 on the
doubly rippled surface are shown in Fig. 5 and were obtained
with the apparatus shown in Fig. 6. The apparatus and proce-
dure are described in detail in [9].

The attained condenser heat flux, based on the projected area
of the undulated surface, is seen to correspond to nearly twice the
heat flux associated with film condensation on a smooth horizon-
tal surface of the same projected area. However, the aug-
mented performance is substantially lower than predicted by the
upper-bound solution derived above. Due to the complex nature
of the governing relations, the precise impact of neglecting the
gravity term in equation (2) and the effect of the upper-bound
boundary condition in equation (23) on the calculated rate of heat
transfer cannot be easily determined. Nevertheless, order-of-
magnitude comparison suggests that the upper-bound solution
for the surface of interest should not exceed the actual rate of
heat transfer by more than about 40 percent. Other factors must
therefore be found to account for the wide discrepancy between
the analytical prediction and the data.

It appears most likely at this time that, despite a regular de-
gassing procedure [9], the numerous undulations present on the
doubly rippled surface may have been partially blanketed by non-
condensables.” The presence of small amounts of noncon-
densables has long been known to cause dramatic degradation in
condenser performance [10]; however, noncondensables are
especially troublesome in condensers with nonuniform heat fluxes.
As a result of spatial variations in heat flux the nongondensables
collect near the regions of initially h1gh heat flux and thus pre-
vent high rates of condensation in those regions [11]. Theé impli-
cations for the doubly rippled surface which is strongly de-
pendent on nonuniform heat flux are clear. It is noted that
fluorocarbons are particularly prone to problems with dissolved
gases due to their high gas solubilities. Further testing of the
doubly rippled surface in an experimental apparatus equlpped
with a more sophisticated degassing system would be required to
establish the attainable performance level of condensers of this
type, :
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Concluding Remarks

A fundamental analysis of film condensation on a downward-
facing horizontal surface with small constant-radius-of-curvature
undulations was performed for the region in which surface-tension
forces determine the film thickness on the crests.

A direct expression for the condensate film thickness at the top
of an undulation crest, or a small-diameter horizontal cylinder,
was derived. A numerical solution of the film equations has
shown that the film thickness increases along the crest at a de-
creasing rate.

An upper-bound expression for the heat-transfer rate on a
doubly rippled surface was derived. - The upper-bound rate for a
special surface developed for this study was found to be five times
the rate attainable on a flat horizontal surface of the same pro-
jected area. Experimental results are well below the predictions,
apparently due to the presence of noncondensables.

The general conclusion is that small undulations can be used to
augment the rate of condensive heat transfer on flat horizontal
surfaces. It is anticipated that such augmentation would be
especially significant in modular electronic cooling systems em-
ploying inert dielectric fluids and in steam-condensation applica-
tions in which greater reliability is desired than generally pro-
vided by applied dropwise promoters. ' '
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Finite-Difference Methods for [nhomogeneous Regions

G. J. TREZEK! and J. G. WITWER?

Introduction

Tur purrost of this note is to compare three finite-difference
formulations of the energy equation with an exact solution. The
motivation for considering these calculations stems from mathe-
matical modeling of certain biological systems which requires a
steady-state field in a region where the conductivity has a spatial
variation. Usually these systems also have complex boundary
shapes, so that numerical solutions are inevitable. In order to
demonstrate the relative accuracy between the numerical formu-
lations, a simple system of a square having prescribed boundary
values was selected. This square is divided into two equal rec-
tangles of different conductivity, joined by a common inter-
face, to model an inhomogeneous region.

Numerical Formulations

When a steady-state temperature field is desired for a region in
which the thermal conductivity is dependent upon the spatial
location, a solution must be obtained for

V(kVT) = 0 (1)

The finite-difference representation of equation (1) depends on
the manner in which the conductivity variation is treated. A
general representation in subscript notation in two dimensions
can be given as

BTG + 1,7) + BTG — L, 7) + BTG5+ 1)

+ BiT(, 5 — 1) — BT, ) =0 (2)
where it is readily seen that for a homogeneous medium 8, = 8,
=,33=B4== 1andﬁo=4.

For convenience the following quantities are introduced in the
formulations for inhomogeneous regions
K, = k(z 4+ 1,7) Ky = k(z,7+ 1)
Ky = k(i = 1,5)  Ki=k(i,§ — 1)

Ko = k1, 7)
(3)

Formulation A is deduced by expanding equation (1) into
groups of (a) second-order derivatives of temperature, the homo-
geneous contribution, and (b) the product of first-order spatial
derivatives of temperature and conduectivity. This expansion
yields
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B = Ko + (K1 — K;)/4 Bs = Ko + (K3 — Ky)/4

Bo = 4Ky (4)
ﬂ2 = Ko - (1(1 —_ K2)/4 ﬁ4 = I(o — (K3 - K4)/4

Formulation B is based on the application of Kirchhoff’s law
at an imaginary node placed at the interface between nodes.
This allows for the evaluation of a representative conductivity
k between adjacent nodes, for example, between nodes (4, j) and

T+ 1,7
k= 2/[1/k(3, §) + 1/k(i + 1, 5)] (5)

and the values of the 8 parameters in equation (2) become

B = 2(1/K; + 1/Ko)™? (6)
and
4
Bo= 3 B
I=1

Formulation C is a simplified form of Formulation B in that
the values of & are obtained by a simple average of the condue-
tivity values of adjacent nodes. Thus, in terms of the previous
%, 7 and 7 + 1, j nodes, equation (5) becomes

k= [k(, §) + k(G + 1,7)1/2
and the expressions for the § parameters in equation (2) are

B = (K1 + Ko)/2 (7)

and

Examination of the 8 terms illustrates the basic difference
between the formulations. Formulation A represents the first-
order spatial-conductivity derivatives with a central difference
so that three adjacent conductivity values are incorporated
into the conductivity approximation 8. Formulation B treats
the conductivity regions as parallel resistors while Formulation
C treats them as series resistors.

Based on the evidence of Forsythe and Wasow [1]? for homo-
gencous problems, the iterative technique of successive over-
relaxation (SOR) was applied to the solution of the system of
equations resulting from equation (2). The resulting algorithm
has the form

Q
TG, e = (1 = DTE, flo-1 + B (BTG + 1, o

+ BT — 1,0 + BsT( j + Vo + BiT(5, 5 — 1)) (8)

3 Numbers in brackets designate References at end of technical
brief.
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where p refers to the current iteration, p — 1 to the previously
performed iteration, and § is the over-relaxation parameter
which can have values between one and two. When the term
= 1, the SOR method reduces to the scheme of Gauss—Seidel.
Basically, as soon as a new 7'(4, j) value is obtained, it is stored
in that particular nodal location and used in subsequent calcula-
tions.

Results and Discussion

An analytical solution was obtained for the two-conductivity
square by use of the Fourier sine transform. The flux matching
condition can be applied in the transform domain allowing the
determination of the interface temperature distribution, and sub-
sequently, after transformation, the femperature field in each
region.

First an analytical solution and the simple finite-difference
formulation were applied to a homogeneous plane with two
opposite boundaries at 100 and the other two boundaries at 0
and 200.

In order to assess the effect of truncation error on the accuracy
of the numerical solution, a comparison was made between the
standard finite-difference solution for 12 X 12 and 23 X 23 homo-
geneous nodal networks and an analytical solution evaluated at
equivalent locations. At a typical point, reducing the mesh size
by a factor of two reduces the truncation error by about a factor
of four. In each case the truncation error was at least an order
of magnitude greater than the convergence error, thus the solu-
tion was sufficiently converged.

Table T Comparison of analytical solufion with the four finite-difference
formulations for the 2:1 conductivity-ratio square with a 12 XX 12 nodal
network

DISPLAY OROLR:

1 Analytic 3 rFormulation B
2 Formulation A 4 Formulation C
T = 200
12
147,58 165.50 178,44 175,34 176,43 176.43 4~ 1
11 147.43 164.73 171,72 174,67 175.78 175.78 4+ 2
147.56 164.98 172,06 175,08 176,23 176,234 3
147,52 164.90 171,95 174,95 176,08 176,08 4— 4
124,83 140,35 148.44 152,32 153,87 | 153.87
10 125,01 139,76 | 147.46 151,19 152,68 | 152,68
125,28 140,28 148.18 152.04 153,60 153,60
125,19 140,11 147,94 151,76 | 153.30 153.30
113,01 122,63 128.45 131.50 [ 132,77 132,77
9 112,83 121.86 127,18 129,93 131,06 | 131,06
113,28 122,70 128,33 131,30 132.54 132,54
113,13 122.42 127.96 130.85 132,06 132,06
105,03 | 108.86 | 111.21 112,40 112.86 | 112.86
8 104,46 107,66 109.47 110,29 110.58 110,58 REGION 11
105,12 108,90 111.16 112,28 112,72 112,72 k, = 0.5
104,91 108.49 110,60 111,63 112,02 112,02 "
98.40 96,69 95,13 94.01 93,39 93.39
7 97,35 94,86 92,73 91.20 90,39 90,39
98,31 96,63 95.11 93.96 93,34 93,34
98.00 96,04 94,33 93,05 92,37 92,37
93,37 87,42 82.82 79,81 78.31 78,31
- 6 92,97 86,88 82,22 79.18 77.63 77.63
g 93.20 87.30 82,79 79.81 78,34 78,34
A 83,35 87,59 83.18 80,26 78.82 78,82
[ o]
89.07 70.82 73.07 68.81 66.78 66.78 REGION I
5 88,72 79,39 72.64 68,39 66. 36 66,36 k. = 1.0
88,88 79,68 73,05 68,87 66.87 66,87 1
88,99 79.89 73.32 69.20 §7.22 67.22
82,96 69,64 60,79 55.60 53,23 53,23
4 82,54 69,31 60.57 55.42 $3.05 53,05
82,64 69.51 60,84 55.75 53.41 53.41
82,72 69,65 61,03 55.97 53.65 53.65
72,66 54,83 44,85 39,62 37.38 37,38
3 62,12 54,74 44.90 39,66 37.28 37,38
72.18 54,86 45.07 39.86 37.60 37.60
72.23 54,95 45,18 40.00 37.76 37.76
51.21 32,19 24.34 20,79 19,36 19,36
51,19 32,64 24,62 20.93 19,44 19,44
2 51,22 32,70 24,70 21.03 19,54 19,54
51,24 32,74 24,75 21.09 19.62 19.62
1
1 2 3 4 5 6 \L 7
T=0 Center Line
of Square
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The temperature field generated by each of the finite-difference
formulations is compared with the analytical solution at equiva-~
lent locations in Tables 1 and 2 for the 2: L and 50: 1 conductivity-
ratio planes, respectively. Formulation A cannot be used for
a conductivity ratio of 50:1 because 8; and B equation (4),
become negative, thus violating Young’s [2] eriterion for Using
the SOR technique. The values in Tables 1 and 2 have a maxi-
mum convergence error (evaluated by the method of Carré [31)
of 0.01, which is, for the most part, less than the error due to
truncation. Further, it was observed that each formulation
converged at the same rate independently of the conductivity
ratio.

Comparisons of values obtained with the analytical solution
and the three finite-difference formulations on each side of the
interface indicate that Formulation B is the most accurate for
each conductivity ratio.

Recalling that the absolute error is composed of two errors, the
truncation error and the convergence error, a further comparison
with corresponding points for a homogeneous field indicates that
B does produce some additional truncation error due to the in-
homogeneity approximation. That is, the absolute error ob-
served with B is somewhat greater than the observed absolute
error at the same point in the associated homogeneous problem.
It is observed that along the interface the errors generally increase
as the conductivity increases from 1:1 to 2:1 to 50:1, but even
this general rule does not always hold at each point. For Formu-
lation B, the maximum error observed along the interface in the
50:1 case is about four times the maximum error observed in the
homogeneous case, while in the 2:1 case this factor is about
three. For Formulation B, the largest errors oceur in the high-
conductivity (& = 1) half, while for Formulations A and C the
largest errors consistently occur in the low-conductivity half.

Formulation B can also be used to advantage when insulated
boundaries are considered. By assigning nodal locations ex-

Table 2 Comparison of analytical solution with the four finite-difference
formulations for the 50: 1 conductivity-ratio square with a 12 X 12 nodal
network
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169.00 171.42 172.25 172,254 3
167.41 169.52 170.20 170,204

146.45 163,32

145.81 161.63

142,12 144,73 145.63 145,63
141.82 144.41 145,32 145,32
138.50 140.48 141.07 141.07

122.46 135.81
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121.62 133.31

109,19 115.34
9 109.43 115.36
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118,31 119,35 119.58 119.58
118,14 119.10 119.31 119,31
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~ 85,29 72.32 62,19 55,36 51,94 51.94 Y
" REGION I
= 83,45 69,14 58.27 51,12 47,61 47.6) |k = 1.0
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79.14 62.35 50.65 43.45 40,05 40.05
4 78.80 62.17 50.65 43,54 40,17 40.17
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69.82 50.34 38.77 32.31 29.41 29,41
50,07 30.01 21.30 17,14 15,40 | 15.40
2 50.07 30,50 21.64 17.36 15.56 15.56
50,09 30.52 21.67 17.40 15.60 15.60
1
1 2 3 4 5

Center Line
of Square

DISPLAY ORDER:

1 Analytic
3 Formulation B
4 Formulation C
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terior to the boundary a low conductivity (usually several orders
of magnitude lower than the adjacent interior point), additional
nodes or internal computational checks to determine the bound-
ary nature are not required. This results in a considerable sav-
ings in computation time. The accuracy of this technique was
verified by comparison with an analytic solution for a simple
rectangle having an insulated boundary.

It would be fortunate if these studies could be repeated with
more complex boundaries and/or more complex inhomogeneity
distributions. However, since analytical solutions could not be
obtained for such geometries, error estimates must be made from
simple geometries such as studied here. These results suggest
that the error produced by an inhomogeneous formulation (i.e.,
Formulation B) is of the same order as the truncation error of
the more simple homogeneous problem.
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Spectral Emittance of Apollo-12 Lunar Fines

RICHARD C. BIRKEBAK!

Introduction

TaE Apollo-12 landing site, as well as the Apollo-11 site, was
found to be covered by a thick layer of soil or fines (powder).
Calculation of lunar heat flow and heat balance on equipment
and astronauts placed on the moon depends on the thermophysi-
cal properties of this material [1].2

The thermophysical properties reported to date include the
directional spectral reflectance [2-4], the thermal conductivity
[2, 5, 6] and the specific heat [7]. The results of the spectral-
emittance studies that we are reporting here add to the growing
list of thermophysical properties of lunar material. In this
paper we describe the experimental results obtained for Apollo-12
sample no. 12070, 125.

The sample studied, no. 12070, is from the contingency sample
collected on & rim of a small crater 15 m northwest of the lunar
module (LM) on the Ocean of Storms. The fines consisted of
particles in sizes from a diameter of 100 um down to less than
1 um with most of the particles being at the lower end of the
range [8]. Because of the nature of lunar fines one must con-
sider the effects of density or compaction on the results. In a
recent paper [4] we have shown that the reflectance is affected
in the wavelength range from 0.55 to 2.2 um by the bulk density
of the sample.

When an Apollo-12 fines sample is prepared by simply pouring
it into a container and carefully leveling the surface, a bulk
density of approximately 1300 kg/m3 is obtained. During the
Apollo-12 mission, core-tube samples were obtained. Our bulk
densities were selected according to the bulk densities of the core-
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tube samples reported in the Apollo-12 “Preliminary Science
Report” [9]. This reports an average in-situ bulk density of
1800 == 200 kg/m? In our study we used bulk densities from
1400 kg/m* to 1900 kg/m®.

The nature of the sample dictated that we use a horizontal
sample in the measurement technique. The sample was mounted
in a sample heating cup and positioned in a known radiation
environment. Besides the sample holder, a heated reference
blackbody was placed in the environmental chamber. Transfer
optics was used to view either the sample or blackbody and to
direct the energy into a Perkin-Elmer 112U spectrometer.

The environmental chamber surrounding the sample and
heated blackbody was a water-cooled blackened-interior 0.20-m-
dia stainless-steel sphere. The chamber has ports for the sample,
blackbody holders, and viewing optics. Thermocouples were
used to measure the interior temperature of the sphere, the sur-
face temperature and temperature gradient in the fines, and the
blackbody temperature.

We designed the viewing optics so that by rotating an optical
bench either the sample or blackbody could be viewed. The
image of either the sample or blackbody was focused to over-
illuminate the entrance slit of the 112U spectrometer.

When we have the spectrometer slit focused, in turn, on the
sample, heated blackbody, and blackened surrounds of the
chamber, the spectrometer output along with the temperature
measurements can be analyzed to give the following result for
the spectral emittance [10]:

A(S) — A(R) exp lce/ANTR] — exp [co/AT5]
A(B) — A(R) exp [c/ATr] — exp [ea/AT's]

exp [c/ATg] — 1
exp [/ATs] — 1

€6, N\ T) =

(1)

which is our working equation. This equation was derived for a
solid surface. For a powder surface such as lunar fines the gen-
eralized Kirchhoff’s law was assumed to apply [11] in order to
satisfy the conditions for this equation.

The spectrometer was interfaced with a Hewlett-Packard
2114B minicomputer. This system allowed us to automatically
scan the wavelength range and to perform the necessary opera-
tions required to obtain data for use in equation (1) and to obtain
the spectral emittance as a function of wavelength directly.

Results and Discussion

Prior to measuring the emittance of the lunar fines we ran
several checks on the apparatus to establish the reproducibility
of the measurements and the stability of the system. Several
runs were made using the heated blackbody both as the sample
and reference surfaces. For the wavelength range from 2 to 14
pm we measured an emittance of 1.0 = 0.01. This we felt was
acceptable for the method. As a second check we ran a stainless-
steel surface coated with 3M Black Velvet paint. For wave-
lengths from 6 to 12 um an emittance of 0.955 =+ 0.005 was ob-
tained. These results established that the system worked and
that we could use it to measure the spectral emittance of a sample
to within =41 percent.

We have obtained results on Apollo-12 fines for bulk densities
of approximately 1400, 1600, 1710, and 1900 kg/m3. The angle
of viewing, 8, used in our experiment was 10 deg. Each curve in
Fig. 1 represents an average of 3 or more runs that we made at
the specified density.

The sample temperature used in equation (1) was calculated
from the measured temperature gradient and the temperature
measured near the surface, and from the known sample thickness
and thermocouple location. If we use the calculated surface
temperature rather than the temperature measured at 0.46 mm
below the surface in equation (1), the difference in emittances
obtained from the two temperatures ranges from essentially
zero at 2.5 um to 1 percent higher at 14 um. The surface tem-
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terior to the boundary a low conductivity (usually several orders
of magnitude lower than the adjacent interior point), additional
nodes or internal computational checks to determine the bound-
ary nature are not required. This results in a considerable sav-
ings in computation time. The accuracy of this technique was
verified by comparison with an analytic solution for a simple
rectangle having an insulated boundary.

It would be fortunate if these studies could be repeated with
more complex boundaries and/or more complex inhomogeneity
distributions. However, since analytical solutions could not be
obtained for such geometries, error estimates must be made from
simple geometries such as studied here. These results suggest
that the error produced by an inhomogeneous formulation (i.e.,
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sider the effects of density or compaction on the results. In a
recent paper [4] we have shown that the reflectance is affected
in the wavelength range from 0.55 to 2.2 um by the bulk density
of the sample.

When an Apollo-12 fines sample is prepared by simply pouring
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tube samples reported in the Apollo-12 “Preliminary Science
Report” [9]. This reports an average in-situ bulk density of
1800 == 200 kg/m? In our study we used bulk densities from
1400 kg/m* to 1900 kg/m®.

The nature of the sample dictated that we use a horizontal
sample in the measurement technique. The sample was mounted
in a sample heating cup and positioned in a known radiation
environment. Besides the sample holder, a heated reference
blackbody was placed in the environmental chamber. Transfer
optics was used to view either the sample or blackbody and to
direct the energy into a Perkin-Elmer 112U spectrometer.

The environmental chamber surrounding the sample and
heated blackbody was a water-cooled blackened-interior 0.20-m-
dia stainless-steel sphere. The chamber has ports for the sample,
blackbody holders, and viewing optics. Thermocouples were
used to measure the interior temperature of the sphere, the sur-
face temperature and temperature gradient in the fines, and the
blackbody temperature.

We designed the viewing optics so that by rotating an optical
bench either the sample or blackbody could be viewed. The
image of either the sample or blackbody was focused to over-
illuminate the entrance slit of the 112U spectrometer.

When we have the spectrometer slit focused, in turn, on the
sample, heated blackbody, and blackened surrounds of the
chamber, the spectrometer output along with the temperature
measurements can be analyzed to give the following result for
the spectral emittance [10]:
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which is our working equation. This equation was derived for a
solid surface. For a powder surface such as lunar fines the gen-
eralized Kirchhoff’s law was assumed to apply [11] in order to
satisfy the conditions for this equation.

The spectrometer was interfaced with a Hewlett-Packard
2114B minicomputer. This system allowed us to automatically
scan the wavelength range and to perform the necessary opera-
tions required to obtain data for use in equation (1) and to obtain
the spectral emittance as a function of wavelength directly.

Results and Discussion

Prior to measuring the emittance of the lunar fines we ran
several checks on the apparatus to establish the reproducibility
of the measurements and the stability of the system. Several
runs were made using the heated blackbody both as the sample
and reference surfaces. For the wavelength range from 2 to 14
pm we measured an emittance of 1.0 = 0.01. This we felt was
acceptable for the method. As a second check we ran a stainless-
steel surface coated with 3M Black Velvet paint. For wave-
lengths from 6 to 12 um an emittance of 0.955 =+ 0.005 was ob-
tained. These results established that the system worked and
that we could use it to measure the spectral emittance of a sample
to within =41 percent.

We have obtained results on Apollo-12 fines for bulk densities
of approximately 1400, 1600, 1710, and 1900 kg/m3. The angle
of viewing, 8, used in our experiment was 10 deg. Each curve in
Fig. 1 represents an average of 3 or more runs that we made at
the specified density.

The sample temperature used in equation (1) was calculated
from the measured temperature gradient and the temperature
measured near the surface, and from the known sample thickness
and thermocouple location. If we use the calculated surface
temperature rather than the temperature measured at 0.46 mm
below the surface in equation (1), the difference in emittances
obtained from the two temperatures ranges from essentially
zero at 2.5 um to 1 percent higher at 14 um. The surface tem-
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Fig. 1 Spectral emittance of Apollo-12 lunar fines

perature for all measurements was approximately 380 deg K, a
temperature very near the maximum temperature experienced
by the sample on the moon [1].

Clearly evident in Fig. 1 is the effect of bulk density. Because
the results for densities of 1600 and 1710 kg/m?® were so close
together, we have drawn a single curve through them. The
emittance decreases with increasing density for the shorter wave-
lengths, with a change of approximately 7 percent at 3 um be-
tween the smallest and largest densities, and as the wavelengths
become larger the difference becomes negligible. The greatest
uncertainties in our measurements are for wavelengths from 2
to 2.5 um, and in this region the maximum effect of density [4]
on reflectance was shown to occur. As the surface becomes
more compacted, that is, a greater number of particles per unit
volume, the void fraction decreases; therefore, the size of the
cavities in the surface which absorb and emit energy are reduced
and the emittance decreases. From our results we see that we
are approaching or have reached the limit where the porosity of
the sample does not affect the emittance value, that is, the ma-
terial behaves as if it were a solid material. This conclusion was
also reached for visible reflectance measurement (4].

The emittance is compared to the directional-reflectance re-
sult [4] for the wavelength range where they overlap near 2 um,
and our present results are good for the higher densities, that is,
there is a reasonable match of the measured values of emittance
and one minus the reflectance, but poor agreement for the
density of 1400 kg/m?.

The total emittance as a function of temperature has been
calculated for a bulk density of 1900 kg/m? The lunar emit-
tance varies from 0.972 to 0.927 for a temperature range from 90
to 400 deg K, the expected temperature range on the lunar sur-
face. The equation representing the results is

€ = 0.9843 — 0.2037 X 10T + 0.1863 X 107572
— 0.6765 X 10=87-% + 0.6436 X 10-u7~* (2)

where T is the absolute temperature in degrees Kelvin.
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Generalized Correlation for Film Boiling
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Nomenclature
g = gravitational acceleration, ft/sec?
g. = gravitational constant, lb,~ft/1b-sec?
hyy = latent heat of vaporization, Btu/lbn
k = thermal conductivity, Btu/ft-hr-deg R
g = heat flux, Btu/ft>hr
g0\
B = Laplace referencelength = { ————} , ft
, 9(pr ~ pv)
C, = heat capacity, Btu/lb,-deg R
L = characteristiclength, ft
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§’ = modified heat parameter = —-— | 1 + 0.5 ——
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temperature very near the maximum temperature experienced
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volume, the void fraction decreases; therefore, the size of the
cavities in the surface which absorb and emit energy are reduced
and the emittance decreases. From our results we see that we
are approaching or have reached the limit where the porosity of
the sample does not affect the emittance value, that is, the ma-
terial behaves as if it were a solid material. This conclusion was
also reached for visible reflectance measurement (4].
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and our present results are good for the higher densities, that is,
there is a reasonable match of the measured values of emittance
and one minus the reflectance, but poor agreement for the
density of 1400 kg/m?.
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tance varies from 0.972 to 0.927 for a temperature range from 90
to 400 deg K, the expected temperature range on the lunar sur-
face. The equation representing the results is
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Generalized Correlation for Film Boiling

L. DAVIS CLEMENTS! and C. PHILLIP COLVER!

Nomenclature
g = gravitational acceleration, ft/sec?
g. = gravitational constant, lb,~ft/1b-sec?
hyy = latent heat of vaporization, Btu/lbn
k = thermal conductivity, Btu/ft-hr-deg R
g = heat flux, Btu/ft>hr
g0\
B = Laplace referencelength = { ————} , ft
, g(pr — pv)
C, = heat capacity, Btu/lb,-deg R
L = characteristiclength, ft
Nup = Nusselt number based on Laplace reference length =
¢B
EAT
Nuz = Nusselt number based on characteristic heater dimen-
. 4L
sion = 1o
A
Nu) = Nusselt number based on critical wavelength = };gA’_T
c
Pr = Prandtl number = %IJ'
L3 — P "
Ra = Rayleigh number = M_Z_P/_)_H
My
T, = critical temperature, deg R
THR
T, = reduced temperature = 7 i
Tt = saturation temperature, deg R
Tw.1 = heater surface temperature, deg R
AT = temperature driving force = Twan — Taut, deg R
1/2
A = critical wavelength = 2w — 57 , It
9pr — po)
ws = vapor-film viscosity, b /ft-hr
ps = average vapor-film density, lb,,/ft?
p1 = saturated liquid density, 1b,, /ft?
p, = saturated vapor density, lb, /ft?
o = surface tension, Ibs/ft
hyo
f = heat parameter =
eat parameter CAT
hy C,AT
§’ = modified heat parameter = —-— | 1 + 0.5 ——
odified heat parameter C,,AT( + »
. hg C',,AT)2
9" = dified heat par ter = 1 0.34 —-—
modified heat parameter C’pAT< + by,
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Fig. T Comparison of equation (3) with experimental data

THis brief note presents a generalized correlation for stable
natural-convection film-boiling heat transfer. It will be seen
that the proposed correlation, which results from an extension of
previous theoretical and correlational work, compares more
favorably than any existing correlation with data for a variety of
substances on several heater types, and over a wide range of sys-
tem pressures.

Previous Correlations

A comprehensive presentation of the theoretical and semi-
empirical correlations which have been mentioned in the litera-
ture was presented by the authors in an earlier paper [1].2 Those
correlations to be presented here relate most directly to the de-
velopment of the newly proposed correlation.

Bromley [3, 4], after making several simplifying assumptions,
analytically described stable film boiling from a horizontal tube
heater. Principally, he assumed that heat transfer took place
solely by conduction and radiation through a thin vapor film
surrounding the heater. Correlating the results with his ex-
perimental data gave the relationship

Nup = 0.62(Ra ),/ (1)

where the Nusselt number Nup uses the heater diameter as the
characteristic dimension. Modifications of Bromley’s equation
by Pomerantz [24] and Breen and Westwater [21] are shown in
Table 1.

Analyses based wholly on Taylor's instability theory have

2 Numbers in brackets designate References at end of technical
brief.

provided several physical models for stable film boiling. Con-
sidering the four possible models as discussed by Frederking [25],
Sciance et al. [2] found a statistical preference for that which
assumed regular vapor release and laminar vapor flow. To im-
prove on the accuracy of the correlation for their hydrocarbon
data over a wide pressure range, Sciance, et al. [2] incorporated
the factor 7', ~? and determined the best-fit relation

Nup = 0.369[Ra 0’7, 0-267 (2)

where the Nusselt number Nug is based on the Laplace reference
length. A similar relationship proposed by Frederking [23] is
given in Table 1.

Proposed Correlation

The primary goal in developing a new film-boiling correlation
was to simultaneously account for the dependence of stable film-
boiling behavior upon the characteristic heater dimension and
system pressure. To accomplish this end, most of the film-boil-
ing correlations presently available [1] were tested with a con-
siderable body of data [1]. Data were selected for substances in
which properties were available or could be reliably determined.
It was determined that equation (1) proposed by Bromley sta-
tistically compares best with data at a constant pressure but with
varied heater diameter, and that equation (2) proposed by Sciance
et al. [2] best represents data over a wide pressure range. Then
a complete analysis was carried out on the models and dimension-
less parameters commonly associated with film boiling. It was
found on correlating over 750 experimental data values for water
[3, 4, 14-19], nitrogen [3-12], oxygen [13], and a number of pure-

Table 1 Comparison of film-boiling correlations
Average percent,
deviation

Author Correlation (754 data values)
This work Nu; = 094(Rap0’T,“2)/‘/4 21.8
Sciance et al. [2] Nug = 0. 369(Ra30 T, —2)0.287 32.0
Bromley {3, 4] Nup = 0.62(Rapb’)s/+ 30.2
Breen and Westwater [21]  Nu, = [0 59 — 00—39"] Y4 [Raxe"], s 58.5
Berenson [22] Nug = 0.425[Ragb’] /4 38.3
Frederking [23] Nuz = 0.2[Ragf’] ‘/4 47.8
Pomerantz [24] Nup = 0.62 [D] [Ra 6"] /4 36.3
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component, [2, 20] and mixture [20] hydrogen systems on a wide
varfety of heaters and a large range of pressures that the follow-
ing relationship was better than all correlations tested:

Nuz = 0.94(Ra 0'7T,~2)"/4 (3)

Here the Nusselt number Nuy, is to be based upon the charac-
teristic heater dimension L.  For example, for a cylindrical heater
L is the heater diameter, and for a flat-plate heater L may be the
plate diameter or its width. Fig. 1 shows the comparison of equa~-
tion (3) to the data, while Table 1 indicates the average absolute
deviations for equation (3) and a number of commonly used cor-
relations. It is immediately evident from Table 1 that equation
(3) compares with the data decidedly better than any of the other
expressions available.
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Efficient Computation of Radiant-Interchange
Configuration Factors within the Enclosure

E. F. SOWELL! and P, F. O'BRIEN?

It 18 well known that due to the laws of reciprocity and flux
conservation, not all of the n? radiant-interchange configuration
factors for an m-surface enclosure are independent [1].* Thus,
theoretically, the analyst of the radiative exchange problem
within the general enclosure comprised of plane, convex, and
concave surfaces need only refer to the fundamental definition
of the configuration factor (or a computational procedure based
upon this definition) n{(n — 1)/2 times in order to assemble the
entire matrix of these factors, F. However, in practice it is
often found that the n(n — 1)/2 factors most easily determined
by the definition fill in the F-matrix in such a way that the deter-
mination of the remaining factors by reciprocity and conservation
is not a sequential process and is generally quite confusing. This
is evidenced by the fact that computer programs requiring the
F-matrix generally apply only reciprocity, either allowing con-
servation to be violated ( Z Fi = 1) , or enforcing it by nor-

J
malization of each row. Neither of these methods is strictly cor-
rect, and moreover the analyst is required to calculate n factors
from the definition which could and should be calculated from
conservation. In this note, a straightforward method is pre-
sented whereby the entire F-matrix is calculated given only the
minimum number of factors by enforcing reciprocity and con-
servation.

The method presented here is based upon the fact that one
factor in each row of the F-matrix must be determined by the
conservation equation for that row. That is

n .
Fipgy = 1 — Z Fi; 1=12...,n (1)
=1
j;](i)

where the column index of the factor to be determined by the ith
conservation equation is designated J(z). With certain restric-
tions discussed below, the J(7) can be selected freely within each
row.

Equation (1) is not a suitable computational algorithm, how-
ever, since there may be yet-undetermined factors in the summa-
tion on the right-hand side. This difficulty is eliminated by a
matrix formulation of the conservation relationship in which the
n Fiy) defined by equation (1) are solved for simultaneously.

The law of flux conservation in vector-matrix notation is
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component, [2, 20] and mixture [20] hydrogen systems on a wide
varfety of heaters and a large range of pressures that the follow-
ing relationship was better than all correlations tested:

Nuz = 0.94(Ra 0'7T,~2)"/4 (3)

Here the Nusselt number Nuy, is to be based upon the charac-
teristic heater dimension L.  For example, for a cylindrical heater
L is the heater diameter, and for a flat-plate heater L may be the
plate diameter or its width. Fig. 1 shows the comparison of equa~-
tion (3) to the data, while Table 1 indicates the average absolute
deviations for equation (3) and a number of commonly used cor-
relations. It is immediately evident from Table 1 that equation
(3) compares with the data decidedly better than any of the other
expressions available.
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It 18 well known that due to the laws of reciprocity and flux
conservation, not all of the n? radiant-interchange configuration
factors for an m-surface enclosure are independent [1].* Thus,
theoretically, the analyst of the radiative exchange problem
within the general enclosure comprised of plane, convex, and
concave surfaces need only refer to the fundamental definition
of the configuration factor (or a computational procedure based
upon this definition) n{(n — 1)/2 times in order to assemble the
entire matrix of these factors, F. However, in practice it is
often found that the n(n — 1)/2 factors most easily determined
by the definition fill in the F-matrix in such a way that the deter-
mination of the remaining factors by reciprocity and conservation
is not a sequential process and is generally quite confusing. This
is evidenced by the fact that computer programs requiring the
F-matrix generally apply only reciprocity, either allowing con-
servation to be violated ( Z Fi = 1) , or enforcing it by nor-

J
malization of each row. Neither of these methods is strictly cor-
rect, and moreover the analyst is required to calculate n factors
from the definition which could and should be calculated from
conservation. In this note, a straightforward method is pre-
sented whereby the entire F-matrix is calculated given only the
minimum number of factors by enforcing reciprocity and con-
servation.

The method presented here is based upon the fact that one
factor in each row of the F-matrix must be determined by the
conservation equation for that row. That is

n .
Fipgy = 1 — Z Fi; 1=12...,n (1)
=1
j;](i)

where the column index of the factor to be determined by the ith
conservation equation is designated J(z). With certain restric-
tions discussed below, the J(7) can be selected freely within each
row.

Equation (1) is not a suitable computational algorithm, how-
ever, since there may be yet-undetermined factors in the summa-
tion on the right-hand side. This difficulty is eliminated by a
matrix formulation of the conservation relationship in which the
n Fiy) defined by equation (1) are solved for simultaneously.

The law of flux conservation in vector-matrix notation is

1 Litton Ship Systems, Culver City, Calif. Mem. ASME.

2 University of California at Los Angeles, Los Angeles, Calif.

8 Numbers in brackets designate References at end of technical
brief.

Contributed by the Heat Transfer Division of THE AMERICAN
Sociery oF MECHANICAL ENGINEERS. Manuscript received by the
Heat Transfer Division November 10, 1971.

Transactions of the ASME

Downloaded 27 Dec 2010 to 194.27.225.72. Redistribution subject to ASME license or copyright; see http://www.asme.org/terms/Terms_Use.cfm



Fig. 1 Example enclosure defined by 4 surfaces

AFU = AU (2)

where U is the unit n-vector and A is a diagonal matrix of the
enclosure surface areas. Now consider F to be the sum of two
n X n matrices F/ and F'” such that 7’ contains only the known
or given F;; and their symmetric counterparts determined by
rveciprocity, with zeros elsewhere. Then F” has only the Fisq
entries and their symmetric counterparts, and equation (2) be-
comes

AF'U + AF'U = AU (3)

in which the second term contains all the unknown factors.
This term can be represented also as

AF"U = BX (4)
where X is a vector of unknown “exchange areas’
X: = AiF iy t=1,2...,n (5)

The matrix B which makes equation (4) true is found to be com-
posed of ones and zeros such that
J(j)}

bi;
Substituting equation (4) into equation (3) and solving for X
gives

=1 for ¢ =jor7d =

(6)

Il

0 otherwise

X = B4 — F)U Q)

where I is the identity matrix. This is the solution to the prob-
lem, since the unknown factors are related to X by equation (5).

It is important to note that B~! must exist in order to deter-
mine a unique X. In systems with n > 4, it is possible to select
a J such that this condition is not met, indicating that equations
(1) are not linearly independent in the unknown factors. In
this case a different J must be selected. The only other restric-
tion which must be placed on the selection of J is that reciprocity
cannot be violated among the members of J, i.e., J(¢) = k pre-
cludes J(k) = .

An example will clarify the method. Consider the enclosure
shown in Fig. 1 in which the upper surface is divided into two
regions, 1 and 2, the lower surface is designated by 3, and all
vertical surfaces are designated by 4. The F-matrix describing
this enclosure has only n(n — 1)/2 = 6 independent factors, but
4 of these are obviously zero since surfaces 1, 2, and 3 are each
planar and 1 and 2 are coplanar. Therefore, only two factors
need be determined by the definition or by a program [2]. The
two most easily determined in this manner are ¥y and Fy, which
we will now assume to be available and designated by @ and b
respectively. The partially filled F-matrix F’ is then

0 0 (d3/A41)a 0
o= 0 0 (As/A2)b 0
a b 0 0
0 0 0 0

Journal of Heat Transfer

in which use has been made of reciprocity.

Now, the above selection of known factors leaves the last ele-
ment in each row to be determined by conservation, so that
J = (4,4,4,4). This gives the B-matrix from equation (6)

1 0 0 0

6 1 0 0
B=1o 0o 1 o
1 1 1 1

from which the inverse is found by elementary row operations

[3]

1 0 0o 0
| O 1 0 0
0 0 1 0

-1 -1 -1 1

1 0 0 0 A 0 0 0
0 1 0 0 0 As 0 0
=1y 0 1t aoflo o 4 o0
-1 —1 —1 1 0 0 0 "
1 0 —(A4;3/A1)e 0 1
—(da/A2) 0 1
X —a —b 1 0 1
0 0 0 1 1
A1 — (As/Al)a]
Aa[l — (43/4.2)0]
= A(L — a — b)
144 —_ 111[1 - (143/141)a] - 142[1 fnad (xia/ziz)b]
—_ Aa(]. - a — b)

By equation (5), the unknown factors and their symmetric
counterparts are then determined, completing the example.

The foregoing example was chosen to be of small dimension in
.order to facilitate a hand calculation. The method is also well
suited to computer calculations, and should find application in

Table 1 Computer procedure

1| Read non-zero values of n(n-1)/2 or fewer known factors
and their indices, and J(i),i = 1 to n. Also, A(i),

i=1 tomn,

2 | Compute symmetric counterparts of input factors by

reciprocity.

3 Compute C = A(I-F')U, i.e., C, = A - ? F]!_j)’i =1 to .

4| Sset up B according to Equation (6).

5 Invert B; give error report and exit if determinant is zero.

61 Calculate X = B_lC.

7 | Calculate F, and F from Equation (5) and insert

1J(i) J(i)i

into F! matrix, thus creating the final F.

NOTE: Checks should be made on the input data to ensure that

input Fij values are not redundant and do not conflict
with those to be calculated, and that J is self-consistent

as discussed above.
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programs which require the #~matrix. It has been programmed
in the APL and PL/1 programming languages at UCLA and in
Fortran at Jet Propulsion Laboratories [4]. A suitable pro-
cedure is shown in Table 1.
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Radiation Shape Factors from Plane Point Sources

B. T. F. CHUNG! and P. S. SUMITRA?

In THEIR recent paper, Feingold and Gupta [1]® have de-
veloped a useful technique to calculate the radiation shape factors
from spheres and long cylinders without involving muiltiple
integrals. This technique will now be extended to determine
the shape factors from planar point sources to a certain class of
surfaces. In the previous reference, the configuration factors
are derived regardless of the validity of Lambert’s cosine law,
whereas in this work Lambert’s law is the basic assumption of
the analysis. Analytical and graphical representations of shape
factor for certain elementary configurations, some heretofore
unavailable, are obtained.

Evaluation of Shape Factors

The view factors from a planar point source to the following
configurations are to be presented: (1) coaxial circular disk,
(2) very thin coaxial ring, (3) segment of a coaxial disk, (4) co-
axial regular polygon, (5) coaxial isosceles triangle, (6) coaxial
right circular cylinder, (7) coaxial sphere, and (8) orthogonal
sphere.t

Referring to Fig. 1 and employing the basic mechanism in [1],
we may state that the view factor from the element d4; to a
coaxial disk 4 B is the same as that from d4, to the hollow spheri-
cal segment ACB. Since both dA4, and the segment ACB lie
on the same spherical enclosure, with the aid of Lambert’s law
the shape factor from dA; to ACB may be obtained as the area
ratio of spherical segment ACB to the total area of the sphere

2], ie.,
1 [
Fos-aise = > 1 - -

where ¢ and r (see Fig. 1) may be solved from the following
simple algebra equations:

72 — o2 = g2

r+c¢c=K
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¢ For brevity, we define that a sphere is *‘ orthogonal’ with respect
to an element if the normal of the element is perpendicular to the line
joining the element to the center of the sphere.
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Hence it follows immediately
a?
Faay_gisk = XL (1
Certainly, equation (1) can be arrived at by the methods of
multiple integration (3], contour integration (4], and unit
sphere [2]. However, the present approach appears to be
much simpler.

Case 2 may be readily obtained by differentiating Fg4,_gisk in
equation (1). Case 3 follows from a single integration of
F 3415 sog. ring, the shape factor from element dA; to a segment
of coaxial thin ring. Once the shape factors from an element to
the coaxial disk and the coaxial segment of disk are known,
Cases 4 to 6 can be solved by flux algebra. Referring to Fig.
5-A, it can be easily proved that the shape factor from a planar
point source dA4; to a coaxial sphere is equivalent to that from
d4; to the coaxial circular disk AB. This leads to the same
problem as Case 1 of which the solution is available. Similarly,
the view factor between the plane point source dA4; (sec Fig.
5-B) and an orthogonal sphere is the same as that between d4,
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much simpler.
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the view factor between the plane point source dA4; (sec Fig.
5-B) and an orthogonal sphere is the same as that between d4,

Transactions of the ASME

Copyright © 1972 by ASME

Downloaded 27 Dec 2010 to 194.27.225.72. Redistribution subject to ASME license or copyright; see http://www.asme.org/terms/Terms_Use.cfm



FdA| —isos,

0.2
0.05 -
L ’ _ﬂ
‘
i |
. H tan—1 /02 = u2 ||
dhmisos. T TR [T i
o1 !
0.001 1 1 ] ] i ] | 1

01 02 03 04 05 06 0.7 0.8 09 1.0

Wl e
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and the semicircular disk DB, and therefore the solution for Case
8 is obtainable. Results for Cases 7 and 8 from the present
analysis are in good agreement with those computed by Clark
and Anderson [5] based on an approximate analysis. The shape
factors for Cases 7 and 8 have significant applications in the
radiant exchange between a spacecraft and celestial bodies. In
this connection it is worthy to mention another case, namely,
the radiation view factor between a planet and a spherical
satellite. Employing the same principle presented in [1], we
can state that the shape factor from the spherical point source
ds; (see Fig. 5-C) to the sphere s, is equivalent to the area ratio
of spherical segment ADB to the total spherical surface 4mr2.
This ratio yields the identical expression derived by Watt [6]
using a multiple-integral technique.

To facilitate engineering applications, the view factor graphs,

T T
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Fig. 4 Shape factors from a plane point source fo a coaxial right cir-
cular cylinder

the analytical solutions,® and the associated geometric sketches
are presented in Figs. 2 to 5.
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Free Convective Heat Transfer from Vertical Cones

P. H. OOSTHUIZEN' and E. DONALDSON?

Introduction

SEVERAL analytical studies of free convective heat transfer
rates from right circular cones are available. Hering and Grosh
[1],% by ignoring certain terms in the boundary-layer equations,
obtained a similarity solution. This solution applies when
curvature effects are small, Kuiken [2] considered the full
boundary-layer. equations and obtained a series-type solution.
A numerical solution of the boundary-layer equations is given
in [3], and this predicts a local heat transfer rate distribution
that agrees closely with that predicted by Kuiken’s analysis.

The measurement of free convective heat transfer rates from
cones appears to have received little attention. In the present
study some measurements of mean heat transfer rates are
described.

Apparatus and Method

Mean heat transfer rates from seven cones have been mea- -

sured. The dimensions of the seven cones used are given in
Table 1. D is the diameter of the upper end of the cone, ! is its
vertical height, and ¢ is its included angle. The diameter of
the tip of the cone varied from cone to cone from about 0.03
in. to about 0.04 in. Since this was small compared to the other
dimensions of the cones, it was felt that the effect of the finite tip
size and its variation was negligible.

The cones were made of solid aluminum with caps made from
an insulating material attached to their upper ends. The mean
heat transfer rates from the cones were determined by heating
them to a temperature of about 320 deg F and then measuring
the rate at which they cooled when suspended vertically in still
air with the points of the cones being, of course, downward.
Temperatures were measured by means of thermocouples in-~
serted into holes drilled at various points in the cones. These
thermocouples showed that, as expected, the cone temperatures
remained effectively uniform during the cooling. In deducing
the heat transfer rate it was therefore assumed that the cone
temperature remained uniform. Measurements were taken
while the cones cooled from about 300 deg F to about 120 deg F.
With the smallest cone this took about 15 min. Unsteady
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Fig. 1 Variation of Nusselt number with Grashof number
effects on the heat transfer rate were therefore assumed to be
negligible.

The mean convective heat transfer rate was determined from
the total heat transfer rate by subtracting the radiant heat
transfer rate. This radiant heat transfer rate was small in all
tests, amounting to less than 5 percent of the total heat transfer.

Results

The heat transfer rate from right circular cones can, of course,
be correlated in the following way:

Ny = function (Ggz, Pr, ¢) )

where Nz is the mean Nusselt number based on the slant height
L of the cone, i.e., AL/k; Gy is the Grashof number based on the
slant height and multiplied by cos ¢, i.e., Bg(Tw — T)L? cos
¢/v? where (T, — T.) is the temperature difference and 3, g,
and v are as conventionally used; Pr is the Prandtl number;
and ¢ is the included angle.

The Prandtl number remained effectively constant during the
present tests and N was, therefore, a function of Gz and ¢
alone.

The variation of Nz with Gz for five of the cones is shown in
Fig. 1. The results for the remaining two cones are omitted for
clarity. In obtaining these results, the fluid properties have
been evaluated at the mean film temperature.

Three of the cones for which results are given in Fig. 1 have
the same included angle ¢ of 8.9 deg, and a curve through these
three results is shown. Also shown, for comparison, is the ex-
perimentally determined variation of Nz with Gz for flat plates
(L in this case being the vertical height of the plate) as given in
[4], for example. It will be seen that, as expected from Kuiken’s
[2] analysis, the values of Nz for the cones are considerably
higher than those for a flat plate, and that as the angle ¢ de-
creases the value of Nz increases at a given value of Gy.

Table 1
Cone
number D, in. I, in. ¢, deg
1 0.58 8 3.8
2 1.22 8 8.9
3 1.67 8 11.5
4 1.87 12 8.9
5 2.50 16 8.9
6 0.89 8 6.3
7 0.50 8 3.5
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effects on the heat transfer rate were therefore assumed to be
negligible.

The mean convective heat transfer rate was determined from
the total heat transfer rate by subtracting the radiant heat
transfer rate. This radiant heat transfer rate was small in all
tests, amounting to less than 5 percent of the total heat transfer.

Results

The heat transfer rate from right circular cones can, of course,
be correlated in the following way:
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where Nz is the mean Nusselt number based on the slant height
L of the cone, i.e., AL/k; Gy is the Grashof number based on the
slant height and multiplied by cos ¢, i.e., Bg(Tw — T)L? cos
¢/v? where (T, — T.) is the temperature difference and 3, g,
and v are as conventionally used; Pr is the Prandtl number;
and ¢ is the included angle.

The Prandtl number remained effectively constant during the
present tests and N was, therefore, a function of Gz and ¢
alone.

The variation of Nz with Gz for five of the cones is shown in
Fig. 1. The results for the remaining two cones are omitted for
clarity. In obtaining these results, the fluid properties have
been evaluated at the mean film temperature.

Three of the cones for which results are given in Fig. 1 have
the same included angle ¢ of 8.9 deg, and a curve through these
three results is shown. Also shown, for comparison, is the ex-
perimentally determined variation of Nz with Gz for flat plates
(L in this case being the vertical height of the plate) as given in
[4], for example. It will be seen that, as expected from Kuiken’s
[2] analysis, the values of Nz for the cones are considerably
higher than those for a flat plate, and that as the angle ¢ de-
creases the value of Nz increases at a given value of Gy.
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Now it can be deduced from Kuiken’s [2] work that for a given
Prandtl number the heat transfer rate from a cone will be given
by an equation of the form

Nz/Gro® = K[1 + f(e)] 2)

where K is a constant and, for cones having a uniform surface
temperature, € is given by

2

e 3
€= G0 tan (¢/2) ®)

The results for all the cones have therefore been replotted in
the form Nz/Gr% % against’'e in Fig. 2. It will be seen that the
results are well correlated in this form and can be approximately
represented by the following equation:

Nz/Gro% = 0.63(1 4 0.72¢) 4)

Conclusions

Mean free convective heat transfer rates from a series of com-
paratively slender cones have been measured. It has been
shown that these results can be correlated in terms of a variable
of the type that was introduced by Kuiken, and an empirical
equation in terms of this variable has been derived.
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Transient versus Steady-State Nucleate Boiling

F. L. OWENS, JR.! and L. W, FLORSCHUETZ?

A comparisoN of transient and steady-state pool-boiling data
using the same heating surface was recently reported by Veres
and Florschuetz [1].2 They cited a number of investigations in
which the transient calorimeter technique was used to construct
characteristic boiling curves or portions of such curves. Their
results provided direct experimental evidence that heat-transfer
characteristics for transient film boiling, including the minimum
film boiling point, for systems of sufficient thermal capacity can
be considered quasi-steady. Thus, film-boiling ecurves con-
structed from transient test data for such systems can be ex-
pected to represent the correct steady-state boiling character-
istics for the same or an identical system. However, their results
for the nucleate-boiling region were not conclusive. The heating
element for their tests was a l-in-dia solid copper sphere. The
sphere was inductively heated for the steady-state tests, but the
induection field was not present during the transient cooling tests.
It seemed likely that the presence of the induction field was aug-
menting the steady-state nucleate-boiling heat rates, so that
with respect to nucleate boiling the system could not be con-
sidered as being the same as for the transient tests. The purpose
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of this note is to report subsequent results comparing steady-
state and transient nucleate pool-boiling data for the same heat-
ing surface using direct electric-resistance heating for the steady-
state tests.

The heating surface was the top of a solid cylindrical copper
block, 2 in. in diameter by 1/, in. thick, press-fitted into a Teflon
base. The heating element consisted of a coiled resistance wire
impregnated in a silicone-rubber dielectric film bonded to the
base of the copper block by the manufacturer of the element.
The boiling vessel was a 12-in. length of 2-in-ID standard glass
pipe clamped to the Teflon base. Two 30-gage copper—con-
stantan thermocouples, denoted TC1 and TC2, were located
along the disk centerline at points /15 in. from the top and bot-
tom surfaces of the copper block. They were inserted in 0.055-
in. holes drilled from the circumferential surface of the copper
block with good thermal contact insured by aluminum powder
tamped into the holes. The test fluid was Freon-113 at satura-
tion conditions. All tests were conducted at atmospheric pres-
sure levels. )

Transient and steady-state data for the heating surface as
originally machined (surface 2A) are compared in Fig. 1. Sub-
sequently, the surface was polished and another series of test
runs was performed. The comparison for this surface, denoted
as 2H, is presented in Fig. 2. Prior to each series of test runs,
the vessel and heating surface were thoroughly rinsed with dis-
tilled water and acetone. The fluid level was maintained at 6 in.
above the heating surface. The system was degassed by pro-
longed boiling.

The steady-state heat fluxes were calculated from the mea-
sured power input to the heating element. Losses were deter-
mined to range from about 4-6 percent. Heat losses were esti-
mated by measuring the steady-state power input to the element
with the heating surface insulated. The losses were neglected
in computing the steady-state heat fluxes plotted in Figs. 1 and
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Fig. 2 Correlation of results for all cones

Now it can be deduced from Kuiken’s [2] work that for a given
Prandtl number the heat transfer rate from a cone will be given
by an equation of the form

Nz/Gro® = K[1 + f(e)] 2)

where K is a constant and, for cones having a uniform surface
temperature, € is given by

2

e 3
€= G0 tan (¢/2) ®)

The results for all the cones have therefore been replotted in
the form Nz/Gr% % against’'e in Fig. 2. It will be seen that the
results are well correlated in this form and can be approximately
represented by the following equation:

Nz/Gro% = 0.63(1 4 0.72¢) 4)

Conclusions

Mean free convective heat transfer rates from a series of com-
paratively slender cones have been measured. It has been
shown that these results can be correlated in terms of a variable
of the type that was introduced by Kuiken, and an empirical
equation in terms of this variable has been derived.
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Transient versus Steady-State Nucleate Boiling
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A comparisoN of transient and steady-state pool-boiling data
using the same heating surface was recently reported by Veres
and Florschuetz [1].2 They cited a number of investigations in
which the transient calorimeter technique was used to construct
characteristic boiling curves or portions of such curves. Their
results provided direct experimental evidence that heat-transfer
characteristics for transient film boiling, including the minimum
film boiling point, for systems of sufficient thermal capacity can
be considered quasi-steady. Thus, film-boiling ecurves con-
structed from transient test data for such systems can be ex-
pected to represent the correct steady-state boiling character-
istics for the same or an identical system. However, their results
for the nucleate-boiling region were not conclusive. The heating
element for their tests was a l-in-dia solid copper sphere. The
sphere was inductively heated for the steady-state tests, but the
induection field was not present during the transient cooling tests.
It seemed likely that the presence of the induction field was aug-
menting the steady-state nucleate-boiling heat rates, so that
with respect to nucleate boiling the system could not be con-
sidered as being the same as for the transient tests. The purpose
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of this note is to report subsequent results comparing steady-
state and transient nucleate pool-boiling data for the same heat-
ing surface using direct electric-resistance heating for the steady-
state tests.

The heating surface was the top of a solid cylindrical copper
block, 2 in. in diameter by 1/, in. thick, press-fitted into a Teflon
base. The heating element consisted of a coiled resistance wire
impregnated in a silicone-rubber dielectric film bonded to the
base of the copper block by the manufacturer of the element.
The boiling vessel was a 12-in. length of 2-in-ID standard glass
pipe clamped to the Teflon base. Two 30-gage copper—con-
stantan thermocouples, denoted TC1 and TC2, were located
along the disk centerline at points /15 in. from the top and bot-
tom surfaces of the copper block. They were inserted in 0.055-
in. holes drilled from the circumferential surface of the copper
block with good thermal contact insured by aluminum powder
tamped into the holes. The test fluid was Freon-113 at satura-
tion conditions. All tests were conducted at atmospheric pres-
sure levels. )

Transient and steady-state data for the heating surface as
originally machined (surface 2A) are compared in Fig. 1. Sub-
sequently, the surface was polished and another series of test
runs was performed. The comparison for this surface, denoted
as 2H, is presented in Fig. 2. Prior to each series of test runs,
the vessel and heating surface were thoroughly rinsed with dis-
tilled water and acetone. The fluid level was maintained at 6 in.
above the heating surface. The system was degassed by pro-
longed boiling.

The steady-state heat fluxes were calculated from the mea-
sured power input to the heating element. Losses were deter-
mined to range from about 4-6 percent. Heat losses were esti-
mated by measuring the steady-state power input to the element
with the heating surface insulated. The losses were neglected
in computing the steady-state heat fluxes plotted in Figs. 1 and
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Fig. 1T Experimental data for surface 2A; transient runs 9 and 12,
omitted for clarity, were similar to runs 8, 10, and 11; straight lines are
least-squares fits

2. Surface temperatures were determined by a linear extrapola-
tion of the measured temperatures. Runs 13T and 20 were
made using an increasing power-level sequence, followed by runs
13D and 21, respectively, using a decreasing power-level se-
quence. The reproducibility is satisfactory, although -close
examination of the data reveals a very slight hysteresis.

All transient runs, except 22 and 23, were made by cutting
power to the heating element after a relatively high nucleate-
boiling flux had been established and recording the transient
temperature response of the copper block. Reduction of the
data was based on the assumption that the copper block could
be thermally lumped. Thus, the plotted data points actually
represent /A versus (T' — Ts.), where ¢/A was computed from

Men(T) dT
A i

Here ¢/4 is heat flux, M is the mass of the topper block, ¢, is its
specific heat, 4 is the heat-transfer surface area, Tsas is saturation
temperature, and ¢ is time. 7T was represented by either TC1
or TC2 for a given test run as indicated in Figs. 1 and 2. The
reduced data indicated that which of the two thermocouple
responses was used to represent 7' was not of significance. This
does not necessarily mean, however, that the lumped-system
assumption, even in this case, is completely justified, as will be
pointed out shortly. To check for the significance of heat inter-
actions with the insulating material during the transient cooling
runs, the time interval during which the initial rate of nucleate
boiling was 'maintained just prior to cutting power was substan-
tially reduced in some of the runs for each surface condition.
Thus, less energy was stored in the insulation and a different
initial temperature distribution existed in the insulation. This
did not cause a significant effect, indicating that heat gain from
the hot insulation during transient cooling of the copper block
was negligible. Runs 22 and 23 were made with the system

q/d = — (1)
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Fig. 2 Experimental data for surface 2H; transient runs 16 and 18,
omitted for clarity, were similar to runs 17, 22, and 23; straight lines
are leasf-squares fits

initially operating in the stable film-boiling region. The results
agree well with the data from the runs initiated in the nucleate-
boiling region. The data for several transient runs have been
omitted from Figs. 1 and 2 to prevent overcrowding of data
points. For surface 2A omitted data from runs 9 and 12 overlap
the transient data that are presented. For surface 2H, omitted
runs 16 and 18 overlap runs 17, 22, and 23. Run 19, for an un-
explained reason, deviates somewhat more from the other
transient runs for surface 2H than they deviate from each other,
but has still been included in the analysis of the data.

The straight lines in Figs. 1 and 2 represent least-squares fits
to the data points.* The heat fluxes for the transient tests fall
somewhat below the steady-state fluxes for both surface condi-
tions, particularly at the higher flux levels. Only part of the
discrepancy can be attributed to the neglect of the losses for the
steady-state tests. Since the characteristic time for the transient
cooling process was clearly much larger than that associated
with the bubble-growth-and-departure phenomena, better agree-
ment might be expected. To assess in detail the importance of
the lumped-system assumption used in reducing the transient
test data, the following procedure was adopted.

The nonsteady-heat-conduction equation applied to the copper
block modeled as an infinite plane slab was solved numerically,
using as s nonlinear boundary condition for the heating surface
the least-squares fit to the steady-state data. The bottom sur-
face was assumed perfectly insulated. The initial condition was
a linear temperature distribution corresponding to the nucleate-
boiling flux which existed at the initiation of a transient cooling
run. Nine nodal points spaced 1/is in. apart were used for the

4 The data, originally presented and analyzed in [2], have been
re-analyzed to insure that all points used are well within the nucleate-
boiling region and that transient and steady-state data points used
for comparison for a given surface fall in the same range of heat
fluxes. The main conclusions, however, remain unchanged.
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finite-difference calculation. Thus, two of the nodes corre-
sponded with the thermocouple locations. The numerical solu-
tion for Th(t), which corresponded with TC1, was then used in
equation (1) to compute the heat flux. This heat flux was then
plotted versus (7'y — Tsa). The same procedure was repeated
using the numerical solution for T's(f), which corresponded with
TC2. Except for an initial transient the two plots coincided,
corroborating the experimental result that data reduction based
on either TC1 or TC2 gave essentially the same results. How-
ever, these curves did not coincide with the imposed boundary
condition at the heating surface as they would if the lumped-
system assumption were exact, but rather showed a discrepancy
like that existing between the steady-state and transient data as
compared in Figs. I and 2. Thus, the apparent discrepancy
between steady-state and transient results in these figures is
primarily due to the lumped-system assumption. Additionally
allowing for the minor steady-state losses, the correct heat fluxes

for the transient runs were within 8 percent of the steady-state
fluxes for surface 2A and within 5 percent for surface 2H, For a
given heat flux the AT’s differed by less than 2 percent. This
is acceptable agreement for nucleate-boiling conditions.

It is reasonable to expect that transient nucleate-boiling phe-
nomena occurring during the cooling of systems of sufficient
thermal capacity can be assumed to be quasi-steady. The re-
sults reported here provide experimental verification of this
expectation.
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The Effect of Thermal Conductivity and
Base-Temperature Depression on Fin Effectiveness

D. E. KLETT! and J. W. McCULLOCH?

Introduction

EQUATIONS commonly presented in heat-transfer texts [1-3]3
governing temperature distributions and heat fluxes for ex-
tended surfaces (fins) are generally based upon the assumption
of constant temperature at the base of the fin. The base tem-~
perature is taken to be that of the body to which the fin is at-
tached. A study by Sparrow and Hennecke [4], however, indi-
cates that the temperature at the base of a fin may be substan-
tially reduced by the presence of the fin. In addition, little
attention has been paid to the effects of employing fin materials
differing from that of the parent body. This note examines the
effect of fin conductivity on the base-temperature depression
and fin effectiveness for two-dimensional rectangular fins.

Analysis

The investigation deals with two-dimensional rectangular
fins of length I and width ¢ as shown in Fig. 1. Properties per-
taining to the body are denoted by the subscript I and those per-
taining to the fin are denoted by the subsecript I1.

The steady-state temperature distribution in the body and fin
is governed by Laplace’s equation subject to convective boundary
conditions on all exposed surfaces and a closure condition within
the body far from the fin given by

-1
—ks

= MT, — Ta)

where z is the coordinate distance normal to the surface (x < 0
for points in the body), & is the convective film coefficient, 7', is
the ambient temperature, and 7', is the surface temperature in
the absence of the fin.

The condition to be satisfied at the interface between body and
fin ig
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and nondimensionalized temperature, coordinates, and con-
ductivity

T—T
f=—-7>=
7o — Ty,
z y kx
= =< Ky = -1t
E=7 1= T
results in the following set of dimensionless equations:
20 aZ s
0% + j =0 throughout the solid
022 6772 .
of § S norma
% L Big=o0 on s‘urf?‘.ces normal to the z
of direction
of ; rmal
N L Big=0 on s.ulfa.ces normal to the y
o direction
9 =1— Biif in the body far from the fin
99 = K11 —6—0 at the interface
Ox o&|n

These equations were solved numerically for fin length-to-
width ratios of 2, 4, and 8 and fin-to-body thermal-conductivity
ratios of 1, 4, 10, and 20.

Calculations were continued into the body and above the fin
for a distance of 22 fin widths. Results were also obtained ex-
tending calculations 8 and 12 fin widths into the body. No
significant differences were noted in the results for 12 and 22 fin
widths.

AUGUST 1972 / 333

Downloaded 27 Dec 2010 to 194.27.225.72. Redistribution subject to ASME license or copyright; see http://www.asme.org/terms/Terms_Use.cfm



finite-difference calculation. Thus, two of the nodes corre-
sponded with the thermocouple locations. The numerical solu-
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equation (1) to compute the heat flux. This heat flux was then
plotted versus (7'y — Tsa). The same procedure was repeated
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TC2. Except for an initial transient the two plots coincided,
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between steady-state and transient results in these figures is
primarily due to the lumped-system assumption. Additionally
allowing for the minor steady-state losses, the correct heat fluxes

for the transient runs were within 8 percent of the steady-state
fluxes for surface 2A and within 5 percent for surface 2H, For a
given heat flux the AT’s differed by less than 2 percent. This
is acceptable agreement for nucleate-boiling conditions.

It is reasonable to expect that transient nucleate-boiling phe-
nomena occurring during the cooling of systems of sufficient
thermal capacity can be assumed to be quasi-steady. The re-
sults reported here provide experimental verification of this
expectation.
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Introduction

EQUATIONS commonly presented in heat-transfer texts [1-3]3
governing temperature distributions and heat fluxes for ex-
tended surfaces (fins) are generally based upon the assumption
of constant temperature at the base of the fin. The base tem-~
perature is taken to be that of the body to which the fin is at-
tached. A study by Sparrow and Hennecke [4], however, indi-
cates that the temperature at the base of a fin may be substan-
tially reduced by the presence of the fin. In addition, little
attention has been paid to the effects of employing fin materials
differing from that of the parent body. This note examines the
effect of fin conductivity on the base-temperature depression
and fin effectiveness for two-dimensional rectangular fins.

Analysis

The investigation deals with two-dimensional rectangular
fins of length I and width ¢ as shown in Fig. 1. Properties per-
taining to the body are denoted by the subscript I and those per-
taining to the fin are denoted by the subsecript I1.

The steady-state temperature distribution in the body and fin
is governed by Laplace’s equation subject to convective boundary
conditions on all exposed surfaces and a closure condition within
the body far from the fin given by
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for points in the body), & is the convective film coefficient, 7', is
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These equations were solved numerically for fin length-to-
width ratios of 2, 4, and 8 and fin-to-body thermal-conductivity
ratios of 1, 4, 10, and 20.

Calculations were continued into the body and above the fin
for a distance of 22 fin widths. Results were also obtained ex-
tending calculations 8 and 12 fin widths into the body. No
significant differences were noted in the results for 12 and 22 fin
widths.
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Fig. 2 Base-temperature depression versus conductivity

During calculations the Biot number.was held constant for
the body at the optimum value based on minimum weight for
maximum heat transfer for a given aspect ratio [3]

& 2
()
The Biot number for the fin is then given by
Bir
K

Bii =

Bin =

Results and Conclusions

Figure 2 presents fin base temperatures for various aspect and
thermal-conductivity ratios. Dimensionless temperature at the
fin base is plotted versus transverse location for various con-
ductivity ratios. It is evident that increasing the thermal
conductivity of the fin decreases the temperature at the base,
as one would expect. It is also evident from Fig. 2 that increas-
ing the length-to-width ratio lessens the effect of thermal con-
ductivity. The effect of a twentyfold increase in the thermal
conductivity is reduced from 24 percent for L/t = 2 to 12 percent
for L/t = 8 based on the centerline temperature at the base.
As I/t increases the base temperature approaches the wall tem-
perature in the absence of the fin due to the manner in which
the Biot numbers are chosen.

The effect of thermal conductivity on fin effectiveness is shown
in Fig. 3.4 It is seen here that fin effectiveness increases rapidly
as conductivity increases up to a conductivity ratio of about
10. Thereafter, using. higher conductivity fins produces little
advantage, either in fin effectiveness or in the lowering of surface
temperatures.

The results indicate that the temperature depression at the
base of fins may be substantial for small L/t ratios and should
be given consideration in fin design. KEmploying fin materials
of thermal conductivity greater than the parent body can be an
effective method for improving fin effectiveness while at the
same time increasing the importance of giving proper considera~
tion to base-temperature depression.

+ Fin effectiveness is defined as the ratio of the heat transferred
by the fin to the heat that would be-transferred from the fin base
area of the body in the absence of the fin.
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A Simple Analysis of Laminar Film
Condensation with Suction'

JOHN LIENHARD? and VIJAY DHIR?

Nomenclature
a = pkdT/gppy — podhs,

1
b= p‘fk}z—”#” [1 + 0.32 c_},;A‘;_,T_’], suction parameter
¢, = specific heat of condensate
g = gravitational acceleration
h = heat-transfer coefficient
h;, = latent heat of vaporization
hy,' = hy, corrected to account for sensible heat of subcooling
k = thermal conductivity of condensate
Nu = local Nusselt number, hz/k
Nuo = local Nusselt number without suction
Pr = Prandtl number
R = radius of curvature of an axisymmetric body
v, = suction velocity at the wall
z = distance along plate from leading edge
a = thermal diffusivity
T', = rate of mass flow of condensate per unit breadth
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Fig. 2 Base-temperature depression versus conductivity

During calculations the Biot number.was held constant for
the body at the optimum value based on minimum weight for
maximum heat transfer for a given aspect ratio [3]

& 2
()
The Biot number for the fin is then given by
Bir
K

Bii =

Bin =

Results and Conclusions

Figure 2 presents fin base temperatures for various aspect and
thermal-conductivity ratios. Dimensionless temperature at the
fin base is plotted versus transverse location for various con-
ductivity ratios. It is evident that increasing the thermal
conductivity of the fin decreases the temperature at the base,
as one would expect. It is also evident from Fig. 2 that increas-
ing the length-to-width ratio lessens the effect of thermal con-
ductivity. The effect of a twentyfold increase in the thermal
conductivity is reduced from 24 percent for L/t = 2 to 12 percent
for L/t = 8 based on the centerline temperature at the base.
As I/t increases the base temperature approaches the wall tem-
perature in the absence of the fin due to the manner in which
the Biot numbers are chosen.

The effect of thermal conductivity on fin effectiveness is shown
in Fig. 3.4 It is seen here that fin effectiveness increases rapidly
as conductivity increases up to a conductivity ratio of about
10. Thereafter, using. higher conductivity fins produces little
advantage, either in fin effectiveness or in the lowering of surface
temperatures.

The results indicate that the temperature depression at the
base of fins may be substantial for small L/t ratios and should
be given consideration in fin design. KEmploying fin materials
of thermal conductivity greater than the parent body can be an
effective method for improving fin effectiveness while at the
same time increasing the importance of giving proper considera~
tion to base-temperature depression.

+ Fin effectiveness is defined as the ratio of the heat transferred
by the fin to the heat that would be-transferred from the fin base
area of the body in the absence of the fin.
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A Simple Analysis of Laminar Film
Condensation with Suction'

JOHN LIENHARD? and VIJAY DHIR?

Nomenclature
a = pkdT/gppy — podhs,

1
b= p‘fk}z—”#” [1 + 0.32 c_},;A‘;_,T_’], suction parameter
¢, = specific heat of condensate
g = gravitational acceleration
h = heat-transfer coefficient
h;, = latent heat of vaporization
hy,' = hy, corrected to account for sensible heat of subcooling
k = thermal conductivity of condensate
Nu = local Nusselt number, hz/k
Nuo = local Nusselt number without suction
Pr = Prandtl number
R = radius of curvature of an axisymmetric body
v, = suction velocity at the wall
z = distance along plate from leading edge
a = thermal diffusivity
T', = rate of mass flow of condensate per unit breadth
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Fig. 1 Variation of normalized Nusselt number and dimensionless film

thickness with dimensionless position

AT

Il

difference between saturation temperature and wall
temperature
§ = condensate film thickness
U4 = viscosity of condensate
P P, = densities of liquid and saturated vapor, respectively

It

LaMINAR FiLM condensation on a vertical plate with a uniform
suction velocity v, at the wall has been analyzed as a boundary-
layer problem both by Jain and Bankoff [1]* and by Yang [2].
Using their very complete numerical solutions to fix the limita~
tions on our results, we shall obtain a simple closed solution for
the problem using Nusselt’s method [3] as adapted by Rohsenow
[4]. We shall also show how it might be adapted to a large class
of additional problems of condensation with suction.

Neglecting inertia in the condensate flow leads to Nusselt’s
parabolic velocity profile regardless of whether any suction
occurs. The condensate flow rate I', based on this profile is

T, = glp; — p)ns0%/3u (1)

Since the temperature -distribution can be assumed approxi-
mately linear, the energy balance is

KAT dr,
BAT = == = pyhyy + 0AT) + hyy! =

or
kAT
8

ar’,
= pwylh;,’ + 0.32c,AT) + by, - @)

where h;,' = hy, + 0.68 ¢, AT, the latent heat as corrected by
Rohsenow for nonlinearity of the temperature profile. This
correction should still be valid with suction as long as the velocity
profile is not distorted.

Substitution of equation (1) in equation (2) and rearrangement
of the result gives

(b6)*d(b6)

b = (ab?)d(bz) (3)

The two scale factors in this expression are

wkAT
a=—r— ft3,
gos(pr — pglhyg

— ,th,-”/vw CPAT] -
b=~"-"- 0.32 ft=1 (4
kAT [1 + h, “

Integration of equation (3) with the boundary condition
0(x = 0) = 0 gives

(abdz) + In (1 — B3) + b8 + (68)2/2 + (b8)1/3 = 0 (5)

The limit of equation (5) as the suction parameter b approaches

4 Numbers in brackets designate References at end of technical
brief.

Journal of Heat Transfer

zero is gz = 0%/4, which is exactly the Nusselt-~Rohsenow result
for the no-suction case.
Finally, the Nusselt number is given by
(k/d0)x

Nu="2"= 00 a9 ()

For the no-suction limit this becomes the Nusseli~Rohsenow
expression

Nuy = 2/4/(4a)"/t (7)

Using Nu, to normalize the Nusselt number for the suction case,
we obtain

[4ab3(bx)] /4

NU/NUO = b6

(6a)

Equations (5) and (6a) are plotted in Fig. 1, and the az = 6¢/4

asymptote is included for comparison with equation (5).
Equation (5) shows that for > 2/ab*, suction will eause the

film to approach a terminal thickness. Thus
. 1 . .
lim 6 = — lim Nu = bz and Iimh = kb (8)
T—> @ b a—>w z—> 0

Equations (5)-(8) are based on the assumption of a nearly
linear temperature profile as well as the neglect of inertia. The
range of validity of these assumptions is set by comparing our
results with [1] and [2]. If Pris on the order of unity, our solu-
tion is almost exact for ¢,AT /Prhs, < 0.1, Since higher values of
¢AT /Prhy, lead to ripply films or turbulent flows at increasingly
small z, neither the boundary-layer solution nor ours has much
value beyond 0.1. Fig. 1 includes Jain and Bankoff’s result for
Pr = 1 and ¢,AT/Prhy; = 0.1. Ttis everywhere within 4 percent
of ours.

For Pr < 1 our prediction is inaccurate, but the existing
boundary-layer treatments are also unrealistic in this range owing
to the dominant effects of interfacial resistance and unknown
accomodation coefficients. For Pr > 1 the limiting value of
cpAT/Prhys, is smaller but the limiting value of ¢,AT/hy, is
largely compensated by the increased Pr. The leading edge is
also excluded from the present analysis, but under the same
general conditions that exclude it from the boundary-layer
analysis. Thus the present simple analysis can replace the more
complex boundary-layer treatments in almost all situations of
practical importance.

Finally, [1] provides an exact prediction of the limiting solu-
tions for large z. For §, Jain and Bankoff show

exp(Ovw/a) — 1 = cpAT/hso(1 + AT/ Rysy) (9)

This reduces to within 4 percent of equation (8) for ¢,AT/hs, <
0.1.

The real potential advantage of combining suction with con-
densation is to be found in the region of constant §. Not only
can turbulence and ripples be suppressed to improve heat transfer
but the efficient laminar process can itself be vastly improved.
In thisrange

N —
LS ~ \/2(ab4x)l/4

10
Nue (10)

ablz > 2

If, for example, steam at 1 atm is condensed under A7 = 20
deg F, then v, need only be 4 X 1075 ft/sec to stabilize the film
0.1 ft from the leading edge. Four feet from the leading edge the
heat-transfer coefficient would be increased more than fourfold
over the no-suction value.

Recently we showed [5] how to adapt the Nusselt—-Rohsenow
solution to the general problem of condensation in an z-dependent
gravity field g(z) on axisymmetric bodies of radius B = R(z).
That can also be done in the present situation; however, a closed
solution is not obtainable. If we consider such variation and
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allow v, to be an independently specifiable function of z as well,
equation (2) then takes the form

kAT , h,, di2rR(z)T,]
5 = Pa@)hy, + 0.32¢,AT) + rRG . d (2a)
which redueces to
5 d(gRs®)
Sk dw LT b@R) 1)

The numerical solution of equation (11) subject to the condi-
tion §(x = 0) = 0 will give d(z) for any arbitrary specification of
g(x), B(z), and v,(z). -Substitution of the result into Nu =
2/8 will give Nu subject to roughly the same limitations that
apply to equations (5)-(8).

Conclusions

1 Prior boundary-layer solutions for condensation with suc-
tion can be replaced with a simple Nusselt-Rohsenow calculation
in almost all cases of practical importance. The results of this
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caleulation are given for the flat plate in Fig. 1.

2 Cases of suction with arbitrarily specified v(z), g(z), and /or
axisymmetry can readily be calculated using equation (11),

3 Suction shows great promise for condensation on flat plates
with abz > 2. In this case b >~ kb,
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